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Abstract 

In this paper we develops a categorical theory of relations and use this 
formulation to define the notion of quantization for relations. Categories 
of relations are defined in the context of symmetric monoidal categories. 
They are shown to be symmetric monoidal categories in their own right 
and are found to be isomorphic to certain categories of A — A bicomodules. 
Properties of relations are defined in terms of the symmetric monoidal 
structure. Equivalence relations are shown to be commutative monoids 
in the category of relations. Quantization in our view is a property of 
functors between monoidal categories. This notion of quantization induce 
a deformation of all algebraic structures in the category, in particular the 
ones defining properties of relations like transitivity and symmetry. 
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1 Introduction 

The concept of quantization is somewhat mysterious and rather ill defined. It 
first appeared in a rudimentary form in the work of Max Planck . . Its role 
there was as a purely technical device to solve a problem central to the physics 
of radiation at the time, the so called ultraviolet catastrophe for the blackbody 
radiation spectrum. Planck's original idea was shortly thereafter used by Ein- 
stein to explain the photoelectric effect |^ and was further developed by N. 
Bohr into what we today call the Old Quantum Theory. This theory explained 
with greater precision than ever before the position of the spectral lines for 
the hydrogen atom. The theory was however rather ad hoc and it was diffi- 
cult to generalize the theory to more complicated atomic systems. The next 
step forward was introduced by Louise De Broghe [^,0, • He generalized 
the already well known wave-particle duality for light to matter and postulated 
that electrons confined to an atom would display wavelike properties. The idea 
of wave-particle duality inspired E. Schr0dinger in 1926 to write down a wave 
equation for matter waves. A different view on the notion of quantization was 
introduced by Heisenberg [^|jljl in 1925 through his matrix mechanics. These 
two approaches was soon shown to be equivalent. From a modern point of view 
the difference in the two approaches lies in Schr0dingers use of the Hamiltonian 
formulation of classical mechanics and of Heisenbergs use of a formulation of 
classical mechanics in terms of Poissont brackets. Schr0dinger's approach gave 
rise to the canonical quantization procedure. This procedure has been applied 
successfully to many systems but contain ambiguities, like variable ordering, 
and has invariance problems. The method of Geometric Quantization Q was 
introduced in order to resolve these problems. Heisenbergs approach to quan- 
tization although equivalent to Schr0dingers approach at an elementary level, 
has a distinctly more algebraic flavor than the wave mechanics of Schr0dinger. 
Here the structure of a physical system is represented in terms of an algebra of 
observables. Representations of this algebra of observables are possible models 
of the system in question. Whereas algebras derived from a classical description 
of the system are commutative, the algebras representing quantized systems are 
in general noncommutative although still associative. Deformation quantiza- 
tion ||l|,|l^ is a collection of tools and methods that have been developed in 
order to find quantized version of classical systems by deforming the algebraic 
description of the system within some class of algebras. What is clear from the 
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existence of all these different approaches is that the notion of quantization is 
not well defined. The various approaches agree for simple systems, but they 
have different domains of applicability and even for a single approach several 
possible quantizations are possible for a given system. What are the proper- 
ties, or constraints, a system need in order for the notion of quantization to 
be applicable? Is quantization one thing or several different things? What is 
the relation between constraints and quantizations? These are just some of the 
questions that comes to mind. This paper will not give a definite answer to any 
of these questions but will introduce a mathematical framework that empha- 
size the idea that quantization is something that depends on constraints and 
that these constraints may not belong to the domain of mechanics or not even 
to physics. In fact we believe that quantization has its natural description in 
terms of a theory of representation for constraints. We also believe that at the 
present time the only mathematical framework with the right kind of generality 
for the formulation of a representation theory of constraints is Category Theory 
[H . Constraints will in this framework take the form of relations between nat- 
ural transformations and a representation of the constraints will be a category 
that supports all given functors and natural transformation with the assumed 
relations. Quantizations will be related to morphisms in the category of possible 
representations of a given set of constraints. What we describe here is of course 
a lot of bones with very little flesh. The goal of this paper is to put a little more 
flesh on the bones. This we will do by developing a theory for the quantization 
of relations along the lines described above. This theory illustrate our view of 
quantization, but is also of independent interest since it gives a framework for 
the quantization of logic and machines as described in the classical theory of 
computing. In these days when the whole domain of classical computing is in 
the process of being quantized a wider point of view on the process of quanti- 
zation is certainly needed. The categorical approach to quantization has been 
introduced by one of the authors in , |jl^ , ||ll| . 

2 Categorical framework 

In this first chapter we formulate the basic categorical machinery that we need in 
order to categorize the notion of relation. In the first subsection we introduce the 
notion of a semimonoidal and a monoidal category. In line with our general ideas 
of constraints and representations both notions are defined entirely in terms of 
functors and natural transformations. This leads to a slightly more general 
notion of monoidal category than the usual one although we does not pursue 
this here. Symmetries for monoidal categories is introduced as a further set of 
constraints on monoidal categories. A certain derived relation for the natural 
transformations defining a symmetric monoidal category is described and shown 
to be equivalent to the usual Yang-Baxter equation. This new formulation of 
the Yang-Baxter equation is essential when we later in this paper introduce a 
generalization of the usual notion of symmetry that we need in order to formulate 
commutativity in the context of relations. We lay the groundwork for this 
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generalization by showing how the Yang-Baxter equation is intimately connected 
to a action by a certain S'2-graded group. In the last subsection in this part 
of the paper we introduce the notion of M-categories and C-categories. These 
categories have exactly the constraints needed in order to formulate and develop 
a theory of relations. 

2.1 Symmetric monoidal categories 

A semimonoidal category is a category that has a product that is associative 
up to a natural isomorphism. A semimonoidal category is a monoidal category 
if there is a object that is a unit for the product up to a natural isomorphism. 
Properties of categories are most clearly expressed in terms of functors and 
natural transformations. We now review this formulation. On any category we 
have defined the identity functor Ic- Let us assume that there also is a bifunctor 
(g) : C X C — > C defined on C. 

Definition 1 A semimonoidal category is a triple { C,®,a) where C is a cat- 
egory, ® : Cx C — »■ C is a bifunctors, 

a : (g) o (Ic X (g)) — > (g) o ((g) X Ic) 

is a natural isomorphism and where the following relation holds 

{a o l^xlcxlc) • (" ° licxlcx®) = (1® o{ax li^)) 

• (a o licx®xic) • (1® ° (lie X a)) 

A semimonoidal category is strict if (g o (Ic x (g) = ig o (ig) x Ic) and 
a = l0o(icx®)- The relation on a given in the previous definition is the object- 
free formulation of the usual MacLane coherence condition for the associativity 
constraint a. 

For any category C we have defined two bifunctors P : C xC — > C and 

Q : C xC — > C. These are the projection on the first and second factor, 
P{X,Y) = X and Q{X,Y) = Y with obvious extension to arrows. Let e be a 
fixed object in the category C and define a constant functor Kf, : C — > C by 

KeXX^ = e and Ke{f) = le- Using these fimctors we can give a definition of a 
monoidal category entirely in terms of functors and natural transformations. 

Definition 2 A monoidal category is a 6-tuple (C , (g, K^., a, (3, 7) such that (C 
,®,ct) is a semimonoidal category and where 

/3 : (S) o {Ke X Ic) ^ Q 
7 : (g o (Ic X ife) — > P 

are natural isom,orphisms such that the following relations holds 
(1® o (7 X lie)) • (ao llcX^ftTeXlc) = (1® ° (lie X /?)) 

/3ollcXKe =70l/feXlc 
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A monoidal category is strict if (C, ®, a) is a strict semimonoidal category 
and if (g) o (K^ x Ic) = Q, o (l^ x Ke) = P and /3 = 1q,7 = Ip. 

Note that (C, P, lpo(ic xP)} (C*, Q, 1qo(1c xQ)) both are strict semi- 
monoidal categories. None of them can be made into a monoidal category by 
selecting a unit e. However if ® is part of a monoidal structure on C then we 
can reduce the product to projections by fixing the first and second argument 
to be the unit object. 

Our definition in fact deviate somewhat from the standard formulation in 
terms of objects. Recall that a monoidal category in the usual sense is a 6-tuple 
(C, (g), e, a', 7'} where a'xy^z ■ X®{Y®Z) — > {X®Y)(i)Z , : e®X — > X 
and 7^ : X e — > X are isomorphisms in C that are natural in X, Y, and Z 
and where the following MacLane Coherence Q conditions are satisfied 

/ / 

X ® (Y ® (Z » T)) ► (X ® Y) ® (Z » T) ► ((X » y) ® Z) ® T 

Ix ® "l',z,T "X,i^,Z ® 

X 8 ((Y » Z) » T) J ► (X (y 8 Z)) ® T 

"X,y®Z,T 



Ix ® /3y 



/3e 

e (gi e e 

It is easy to see that if we define 

Px,Y = P'y 
IX.Y = ix 
OiX,Y,Z = OLx.Y.Z 

for all objects X and Y in C, then ((g), i^e, a, 7) is a monoidal category as 
defined in ^ If we assume that C is a category such that for all pairs of objects 
there exists at least one arrow / : X — > X' . Then Ke{f) = le and naturality 
of P implies the commutativity of the following diagram 
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We thus get Px,y = Px'.y- In a similar way we find Jx,y = Jx,Y'- This 
gives us a monoidal category in the usual sense if we define f3'x = (3y,x and 
7^ = "fx.Y- Our aim in this paper is not to investigate generalizations of the 
notion of a monoidal category and we will therefore assume that solutions to 
the relations in ^ satisfy (3x,y = Px',y and ^x,y = 1x,y> ■ 

We will need to express categorically the process of changing order in a 
product with several factors. For any category C we have the transposition 
functor t:CxC — *C xC defined by t(X, Y) = (F, X) and r(/, g) = {g, /). 
A symmetry for a monoidal category is expressed using the functor r. 

Definition 3 A symmetric monoidal category is a 7-tuple {C , (E), Ke,a, P,j,a) 
such that {C Ke,a, (3,j) is a monoidal category and where 

(T : (g) — > ® o T 

is a natural isomorphism such that the following relations holds 

O" o l®xlc = ("""^ ° Irxlc ° llcxr) ' (1® o (cr X li^) 

■ (a O llcxr) ■ (1® O (lie ^ f^)) • 

C O llcx® = (a o llcxr o Irxlc) ' i^«> ° (lie X O") o l^xlc) 

■ (a~^ o Irxlc) ■ (Ics o (ct X lie)) ■ " 

/3 = (7 o Ir) • (o- o lA'eXlc) 
7 = (/3 o Ir) • (cr o licxKe) 
(7 o It — a^^ 

A symmetric monoidal category is strict if the underlying monoidal category 
(C , 0, Kf., a, (3, 7) is strict. 

The conditions in the definition are not independent. 

Proposition 4 Let (C , ®, K^, a, /?, 7) be a monoidal category and let a : ® — *■ 
®oT he a natural isomorphism such that cr o 1^ = a^^ . Then the following two 
conditions are equivalent 

cr O l®xlc = ("""^ ° Irxlc ° llcxr) ' (1® O (cT X li^)) 

• (a O llcxr) • (1® O (lie X cr)) • a^^ 

cr o licx® = {ao llcxr o Irxlc) ' (1® ° (lie X cr) o l^xlc) 

• (a^^ o Irxlc) • (I® ° (ct X lie)) • " 

Proof. We have the following relations tot — Icxc and r o (1^- x (g)) = 
(0 x Ic") o (Ic X r) o (r X Ip). Using these functorial relations we have 

c o licx® 

= cr O Ir O Ir O licx® 

= cr o Ir o l^xlc ° llcxr ° Irxlc 

= (cr o ligixlc) ^ ° llcxr ° Irxlc 
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Wc thus have a relations between ao li^x® and ao l^xic- The equivalence 
of the two conditions stated in the proposition follows directly from this relation. 
■ 

The third and fourth relations are also equivalent 

Proposition 5 Let (C , 0, K^, a, /3, 7) he a monoidal category and leta : ® — >■ 
®oT be a natural isomorphism such that u o 1^ = cr~^. Then the following two 
conditions are equivalent 

7= (/3ol^) • (crolipxife) 
Proof. Let the first condition be given. Then we have 
13 oU 

= ((70 It) • (O-O l^^xlc)) ° It 

= (7 O 1^ O 1^) • ((T O l/feXlc ° It) 
= 7-(f70l^0ll^XKe) 
= 7-(£7-^0ll^Xife) 

and this is equivalent to the last condition. ■ 

The symmetry conditions have a consequence that will play an important 
role. 

Propositions Let {C ,<Si,Ke,a,p,^,a) be a symmetric monoidal category. 
Then the following equation holds 

{a o licxT o ItxIc ° Iicxt) • (o- o (a- X li^)) ■a = ao (l^^ x a) 

Proof. We have 

cr o (li^ X a) 

= {ao (li^ X l,g,or)) • (1® o (lip X a)) 

= {(TO llcx<8> o IicXt) • o (lie X O-)) 

= {{{a O licxr O Irxlc) • (!» ° (lie X C^) O llcxr) 

• (a^^ o Irxlc) • (1«> ° (c^ X lie)) • ") ° IicXt) • (1(g) o (lie X a)) 
= {ao licXT o ItxIc ° IicXt) • (1® o (lie X cr) o l^xlc ° llcXr) 

• {a'^ o Irxlc o IicXt) • (1® o (cr X li^) o Ii^xt) • (« o Ii^xt) 

• (1® ° (lie X ct)) 

= {ao licXT o ItxIc ° IicXt) • (1® o (lie X cr) o l^xlc ° IicXt) 

• (cr o Igjxlc) • a 

= (a o llcxr ° Irxlc ° llcxr) ' (l®or o (cr X li^.)) • (cr O l^xlc) ' 
= (a o licXT o Irxlc o llcxr) • (a o (cr X li^)) • a 



7 



If we introduce the expressions for croligixi,-, and croli^^^ into the equation 
from the previous proposition we get a equation that is cubic in a. This equation 
is the well known Yang-Baxter equation. In terms of object it takes in the strict 
case the following form 

(Iz ® crx,y) o (o-x.z 8) ly) o (Ix ^ cfy,z) 
= {'JY,z (8) Ix) o (Ir <8) <Jx,z) o {<^x,Y <E) Iz) 

The equation from the previous proposition is clearly equivalent to the Yang- 
Baxter equation in a symmetric monoidal category. We will call this equation 
also for the Yang-Baxter equation. A certain generalization of this equation will 
play a fundamental role in our theory of relations. This generalization is based 
on characterization of symmetries in terms of a group action. 

2.2 Symmetries and group action 

Let 5*2 be the group of permutation of two elements with the single generator 
given by t. Let t : C x C — > C x C be the transposition bifunctor. The 
functors Ti = Ic, T2 = t and T3 = (Ic x r) o (r x Ic) o (Ic x t) defines 
action of the group ^2 on the categories C,C^ = C x C and = C x C x C. 
Let [C^ , C] and [C^ , C] be the category of bifunctors and trifunctors on C with 
natural transformations as arrows. We can induce an action of ^2 on the functor 
categories [C^,C] and [C^,C] in the usual way by defining for objects F and 
arrows a in [C\ C], i = 2, 3 

tF = FoTi 
ta ^ a o 

It is easy to see that this really defines an action of ^2. Let us first consider 
the case when C is a semimonoidal category with product ® and associativity 
constraint a. Note that 

t{^o{lc X (g))) 

= (g) o (Ic X 0) o (r X Ic) o (Ic X r) o (r X Ic) 

= t o((g) X Ic) o (r X Ic) 
= t0o(t(8) xlc) 

In a similar way we find that t{® o (0 x Ic)) = i (8) o(lc x t®). We have here 
used the fact that (Ic x r) o (r x Ic) o (Ic x t) = (r x Ic) o (Ic x t) o (r x Ic). 
We therefore have a natural isomorphism 

ta~^ : t ® o(lc x m) — > t'S5o{t(g) xlc) 

This is in fact an associativity constraint as the next proposition show 

Proposition 7 {C,t^,ta~^) is a semimonoidal category 
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Proof. Let g = (Ic x r x Ic) o (r x r) o (l^ x r x Ic) o (r x r). Then we 

have 

{ta^^ o It^xicxic) ■ {ta^^ o licxicxm) 

= {a^^ o Ij-^ o ltg)xlcxlc) ■ ("""^ ° o llcxlcxi®) 

= {a^^ o Itigixicxlc ° Ig) • (q^""'" ° llcxlcxt® ° Ig) 

= [(a ° llcxlcxi® o Ig) • (a o Itigxlcxlc ° lg)]~^ 

= [((" ° llcxlcxtg.) • (a o lt®xlcxlc)) ° Ig]^^ 

= [((1^ o (a X li^)) • (a o li^x®xic) • (l0 ° (lie X a))) o 

= ((l0 ° (lie X a"^)) • (a"^ ° licx®xic) • (l0 ° (a"^ x lie))) ° Ig 

= (1® ° (lie X a"^) ° Ig) ■ (""^ ° llcx®xlc ° Ig) ' (1® ° (""^ X li^) o Ig) 

= (It® o (to"^ X lip)) ■ (fa"^ o li^xtoxic) • (It® ° (lie X to"^)) 

■ 

Let us assume that there exists a natural isomorphism a : (8) — > and 
let a be a associativity constraint for a semimonoidal category (C, (8), a). Then 
ta~^ : t (g) o(l(7 X t^) — »• t (gi o(t (g) xlc) is a associativity constraint for 
a semimonoidal category (C, (8>,to~^). On the other hand we have natural 
isomorphisms 

cr o (lip X cr) : t (g) o(lc x t(g) > (g) o (l^ x (g) 

cr o (cr X lip) : t (g o(i (g xlp) — > ® o ((g x Ic) 

We therefore have a natural isomorphism S : (g) o (1^ x (g)) — > ig) o (0 x Ic?) 
where we have defined 

a = {a~^ o ((7~^ X lie)) ■ ■ (^ ° (lie X cr)) 

This new isomorphism also an associativity constraint. 

Proposition 8 (C, (g>, a) «s a semimonoidal category. 

Proof. We only need to show that the MacLane coherence condition hold 
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for a. Let us first observe that 



(cr o (li^ X cr) o l(g,xlcxlc) " (^""^ ° (^""^ X lie) ° llcxlcx®) 
= (a o (li^, X ct) o (1^ X lie X lie)) 

• (cr^^ o X li^,) o (li^, X lie X 1®)) 
= (cr o ((lie ° 1®) X (cr o (lie X he)))) 
.(a-lo((a-lo(lie Xlie))x(lie0l«))) 
= (cr o (1^ X cr)) • (cr^^ o (c7~^ x 1^)) 

= (Itig, o (cT"^ X a)) 

= (It® o (o-"^ X 1(0)) • (It^ o (1(0 X ct)) 

= (It® o ((lie ° O""^) X (1*0 o (lie X lie)))) 

• (1*0 ° ((1*0 o (lie X lie)) X (lie ° <^))) 

= (It® o (lie X lig) o (ct-1 X lie X lie)) 

• (1*0 o {lt0 X lie) ° (lie X lie X a)) 

Let g = (Ic X T X 1^) o (r x t) o (1^ x t x Ip) o (r x r). 
Using tlie previous identity we iiave for tiie left iiand side of tlie colierence 
condition 

(a o l®xlexle) ° (" ° llcxlcx(g)) 

= (ct~^ o (ct~^ X lie) ° l(»xlcxlc) • (ia~^ ° l^xlcxle) 
• (ct o (lie X ct) o l0xiexlc) ' (^""^ ° ('^"^ X lie) ° llexlex0) 
{ta~^ o liexlex0) • {o-o (lie X ct) o liexlex0) 
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= (ct ^ o (a ^ X li^) o l^xicxic) • (to ^ ° (l0 X lie X lie)) 

• (It® ° (lie X It®) ° (o-"^ X lip X lip)) 

• (It® o (1^^ X li,,) o (li^. X lip X cr)) 

• (to""^ o (lip X lip X 1,^)) • [a o (lip X cr) o lipxlcx®) 

= (cr~l o (cr~l X lip) o (1^ X lip X lip)) • {ta^^ o (cr^^ X lip X lip)) 

• {ta^^ o (lip X lip X a)) ■ (o- o (lip X (t) o (lip x lip x 1®)) 

= (cr"^ o (ct"^ X lip) o (cr-1 X lip X lip)) • {a^^ o 1^3 o (It® X lip X lip)) 

• (a-^ o 1t3 o (lip X lip X It®)) • {a o (lip x a) o (lip x lip x cr)) 
= (a-^ o (a-^ X lip) o ((T-^ x lip x lip)) 

• (a~^ o lipxlcx® o Ig) • {a~^ ° l®xlcxlc ° Ig) 
•(f7o(lip X(t)o(1ip X lip xo-)) 

= ((T^^ o (cr~^ X lip) o (a~^ X lip X lip)) 

■ {[{a o l^xlcxlc) ■ (" ° llcxlcx®)]^^ o Ig) 

• (ct o (lip X cr) o (lip X lip X cr)) 

= (ct-1 o (ct-1 X lip) o (cr-1 X lip X lip)) 

• ([(1^ o (a X lip)) • (a o lipx®xic) • (1® o (lie X a))]-^ o Ig) 
•((TO (lip xct)o(1ip X lip xa)) 

= (o--^ o (a-^ X lip) o ((j-^ x lip x lip)) ■ (1® o (lip X a-^) o Ig) 

■ (a-^ o lipx®xic ° Ig) • (1® ° X lip) o Ig) 
•((TO (lip X£t)o(1ip X lip xa)) 

For evaluating the righthand side of the MacLane condition we need the 
following two identities 

(1® O (((T O (lip X a)) X lip)) • ((T-l O ((J-^ X lip) O llpx®xlc) 

= (Ig, o (cr X lip) o (lip X 1® X lip)) 

• (cr^^ o (a--^ X lip) o (lip X 1® X lip)) 
= (o-"^ o (It® X lip) o (lip X cr X lip)) 
= (o-^^ ° (It® X lip) o (lip X It® X lip)) 

• (It® o (It® X lip) o (lip X 1® X lip)) 
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and 



(£7 o (li^ X ct) o li^x<8,xlc) ■ (1® ° (lie X ((^"^ ° ((^"^ X lie)))) 

= {ao (li^ X ct) o (li^ X 1^ X li^)) 

• (1® ° (lie X CT~^) ° (lie X cr"^ X lie)) 
= (cr o (lie X It^) o (lie X cr"^ X lie)) 
= (lt» o (lie X It®) o (lie X (T-^ X lie)) 

• (cr o (lie X lt») o (lie X lt(g, X lie)) 

Using these identities we have for the righthand side of the MacLane condi- 
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tion 

(1® o (S X lip)) • (a o licx(gixic) • (1® X (lie X ")) 
= (1« o {[{a-' o (a-i X li^)) • ta-' ■ {a o {1,^ x a))] x li^)) 

■ ([(<T-i o X li,,)) • to-' ■ {a o (li,, X a))] o 1 

■ (1« o (li^ x [((j-i o x li^)) • to-i • (a o (li,. X a))])) 
= o o (a-l X li,,)) X li,,) ■ (1« o (to-l X li^)) 

• (1® ° ((o- o (lie X O-)) X lie)) • (f^^^ ° (f^^^ X li^) o licx(8ixlc) 

• (to"' o licx^xlc) • {O' ° (lie X cr) o licxKixlc) 

• (1^ o (li^ X o X li^)))) • (1^ o (li^ X ta-')) 
•(l®°(lic X (cto(1i^ X(t)))) 

= (1^ o (cj-^ X lie) ° (O""^ X lie X lie)) • (1® ° (*"-' X lie)) 

■ (a--' o (It^ X lie) ° (lie X 1*0 X lie)) 

■ (1*0 ° (1*0 X lie) ° (lie X CT X lie)) ' (to"' o (lie X 1® X lie)) 

• (It® o (lie X It^j) o (lie X cr-' X li,,)) 

■ (cr o (lie X It®) o (lie X It® X lie)) " (1® ° (lie X to"')) 

• (1® o (lie X cr) o (lie X lie X cr)) 

= (1® o (ct"' X lie) ° (c^"' X lie X lie)) ' (1® ° (^-^ X lie)) 

• (a--' o ((It^ o (lie X It®)) X lie)) • (If® ° (It® X lie) ° (lie X cr X lie)) 

■ (ta"' o (lie X 1® X lie)) • (It® o (lie X It®) o (lie X ct"' X lie)) 

• (o- o (lie X (It® o {It^ X lie)))) • (1® ° (lie X to"')) 
■(l®°(lle X(T)o(lie X lie X (t)) 

= (l0 o ((a-' o (a-i X lie)) X lie)) • (^"' ° (to-' X lie)) 

• (to"^ o (lie X If® X lie)) • ° (lie X to"^)) 

• (1® o(lle X (cro(lie X cr)))) 

= (a-1 o ((a-1 o (a-1 X lie)) X lie)) " (It® ° (to-' X lie)) 

• (to"^ o (lie X It® X lie)) • (It® ° (lie X to"^)) 
■(ao(lie X (ao(lie xa)))) 

= (a-' o ((<7-l o (a-' X lie)) X lie)) • (1® ° (lie X «-') o 1,) 

• («-' o liex®xle ° Iff) ■ (1® ° (a~^ X lie) ° Ig) 
■(ao(lie X (ao(lie xa)))) 

The lefthand side and the righthand side are thus equal and this proves the 
proposition. ■ 

Let us define S'c,® = {a \ (C, (8), a) is a semimonoidal category }. Then the 
previous proposition show that for each natural isomorphism cr : i8) — > we 
have a mapping of Sc,® to itself. 
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Let us next consider the case of a monoidal category (C, ®, Kp, a, f3, 7). Us- 
ing the natural isomorphism a we can define new natural isomorphisms 

(3= (t7) • (crolK^xia) : ® o (i^e X Ic) >Q 

7 = (t/3) ■ (a o Ii^xkJ : ® o (Ic X Xe) ^ -P 

For S and the two natural isomorphisms [5 and 7 we have 

Proposition 9 {C,®,Ke,oi,P,^) is a monoidal category 

Proof. The First MacLane coherence condition has already been verified. 
For the second MacLane condition we need the identities 

(1« o ((<7 o li^^^^J X li^)) • ((<7-i o X li^)) o 1 

= [l^ o (a X li^) o (li^ X Ik, x li^)) 

• {(j-^ o ((T~^ x li^) o (li^ X Ik, X li^)) 
= (o""^ ° (It® X lie) ° (lie X Ik, X li^)) 
= (o-"^ o (It^ o (li^ X Ik,) X lie)) 

and 

(It® o X lie;)) • (^"""^ ° llcxKeXlc) 
= (1® ° (lie X /3) o lyj ■ (a^l o licxXeXlc ° IT3) 
= (((1® ° (lie X /?)) • {a-'^ o licxXeXlc)) o Its) 
= (1® 0(7 X 11^)01^3) 

Using these two identities we have 

(1® o (7 X lie)) • (" ° llcxKeXlc) 

= (l®0((t/3.(<7 0llexKe))xlle)) 

• o X lie)) ■ to"' ■ ° (lie X a))) o 1 

= (1® o X li,.)) • (1® o ((a- ° licxKe) X lie)) 

• ((cr-l o X lie)) ° llcxXeXlc) ' (^"^ o liexXeXlc) 

• ((ct o (lie X O-)) o liexK.xlc) 

= (1® o X lie)) • (c^^^ ° (It® ° (lie X life) X lie)) " (^"^ o liexif^xle) 

• ((c^ ° (lie X cr)) o liexKeXlc) 

= (£7-^ o (Ip X lie)) • (It® ° X lie)) • (*a"^ o liexKeXlc) 
■((ao(lie X£7))oliexKeXlc) 

= ((7~^ o (Ip X lie)) ■ (1® o (7 X lie) ° IT3) ■ ((<^ ° (lie X ct)) o 1 

IcXKeXlc j 

= ((J-^ o Ipxle) • (It® o (lie X t7)) • (c^ o (lie X cr) o liexifeXlc) 
= (t^"' o llexQ) • (It® o (lie X ^7)) " ((^ ° (lie X (ct o (1^^ X lie)))) 
= (1® ° (lie X [t-y ■ (CT o lif^xlc)])) 
= (1® o (lie X d)) 
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For the last MacLane condition we have 

= {tj o Ii^xkJ ■ (cr o Ik^xIc ° llcxKe) 
= (7 o 1^ o licxATe) • (f^ ° ^K^xkJ 

= (7 ° lATeXlc ° It) • (O- O lif^xKe) 

= (/? ° UcXK, O I1-) • (a O l^eXKe) 

= {t(3 O iKeXlc) ■ ° llcXXe ° lifaXlc) 

= • ((7 O llcxKe)) O lifeXlc 

= 7° lifeXlc 

■ 

Let Mc,0,e = {(«,/?, 7) I {C,®,Ke,a,P,^) is a monoidal category). Then 
the previous proposition show that for each natural isomorphism a : (8> — > 40 
we have a map 

defined by T(((T)(a, /3, 7) = (a,/?, 7). Let us next for each p : (g) — > (g) define a 
map on elements in Mc,®,e 

ri(p)(a,/3,7) = (5j,7) 

where we have 

a = (p-i o (p-i X lie)) • a • (p o (lie X P)) 

/3 = /3 • (polK^xlc) 

7 = 7- (poli^xKe) 

For this map we have 

Proposition 10 Ti{p) : Mc,®,e — > Mc,(D,e 

The proof of this proposition is similar to the one for the map Ti (a) and is 
not reproduced here. 
Let 

Gc,^,e = {Tt{<7),Ti{p) I CT : (8) — > t(8>,p : <8i — > , a, p natural isomorphisms} 

^From the construction it is evident that all maps in Gc.^.e are bijections. The 
next proposition show that Gc,iS),e is closed under composition of maps. 

Proposition 11 Let <Ji,a2 ■ <8) — > and pi,P2 '■ — > be natural isomor- 
phisms. Then we have 

Tt{a2)oTt{ai)=Ti{tai-a2) 

Tt{ai) o Ti{pi) = Tt{pi ■ tax) 

TliPl) oTt{<Ti) = Tf((Ti ■ pi) 

Ti{p2) o Ti{pi) = Ti(pi • P2) 
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The proof of this proposition is routine and is left out. The set Gc,rs,e is thus 
closed under composition and contains the identity map Ti(\,^) = lMc,»,e-All 
maps in the set Gc,^,e are invertible by construction and Gc,0,e is closed under 
the operation of taking the inverse of a map. We have 

Tt{a)oTt{{ta)-^)^lMc,^,^ 
The previous propositions can now be restated in the following way. 

Corollary 12 The set Mc.^.e of monoidal structures on C corresponding to a 
fixed product ® and unit e is invariant under the action of the S2-graded group 

Gc,0,e- 

We can use the S'2-graded group Gc,(^.e to give an interpretation of the 
notion of a symmetric monoidal category. 

Proposition 13 Let (C,®, Ke,a, (3,^,a) be a symmetric monoidal category. 
Then H = {Tt(cr),l0} is a S2 graded subgroup ofGc.^.e and [a, (3,^) G Mc,(^,e 
is a fixpoint for the action of H . 

This gives an interpretation of the Yang-Baxter equation and the two unit 
conditions in terms of invariance with respect to the action by the group H. No 
such interpretation appears to be possible for the first two conditions from the 
definition |[ of a symmetry. These two conditions appear to be of a technical 
nature. 

2.3 a-commutative comonoids in symmetric monoidal cat- 
egories 

Recall that a comonoid in a monoidal category is a triple {A, Sa,£a) where A is 
a object in the category and Sa ■ A — > A(^ A and ca ■ A — > e are morphisms 
in the category such that the following diagrams commute 

A ^ (A A) .t— — A A ^-2 A 




"A 

' "'A 
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The simpler structure {A,Sa) is called a cosemigroup. The morphism ca is 
the counit for the comonoid and Sa is called the coproduct. 

Before we proceed with formal developments we will first consider some 
examples of these constructions. Let us first consider the case of sets. The 
category Sets is a monoidal category with cartesian product, x as bifunctor. 
The neutral object is the one point set e = {*}. The associativity constraints 
o:a,b,c : a X (B X C) — > (A X B) X C and unit constraints Pa ■ eigi A — > A 
and ^A '■ A® e — > A given by 

aA,B,c{x,{y,z)) = {{x,y),z) 
I3a{*,x) = X 
7a(x, *) = x 

Finite sets offer many examples of cosemigroups. Let A = {a, b, c} and define 
a map 6 a ■ A — > Ax Ahy 

(5^ (a) = (a, o) 
SA{b) = {b,a) 
(5a (c) = (a, c) 

A direct calculation show that {A, Sa) is a cosemigroup. There is only one 
possible map ca ■ A — > e since e = {*} is terminal is Sets and this is the map 
eA{x) = * for all x € A. But for this map we find 

[Pa o {ca O 1a) o 6A]{b) = [Pa o {ca <8) U)]{b, a) = Pa{*, a) = a 

so {A, 6 A, f-A) is not a comonoid. 

Let A be any set. Define the map 5 a ■ A — > Ax Ahy 

dA{x) = {x,x) 
This is the diagonal map in Sets. We then have 

[oiA,A,A o (1a X Sa) o 5a]{x) = [aA,A,A o (1a X Sa)]{x,x) = {{x,x),x) 
[{5a X 1a)o5a]{x) = {5a X 1a){x,x) = {{x,x),x) 

so {A, 5a) is a cosemigroup. The only possible counit satisfy 

[Pa o (ca (8i 1a)o5a]{x) = [Pa o {ca O 1a)]{x,x) = Pa{*,x) = x 
[7A o (1a O ca) o 5a]{x) = [7A o {1a (8> eA)]{x,x) = 7a (a;, *) = x 

so {A,5A,eA) is a comonoid. Let Sa ■ A — > A x A, ca ■ A — > {*} be any 
comonoid structure on A. We have 5A{a) = {f{a),g{a)) and eA{a) = *■ The 
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first counit condition o (e^ x I a) oSa = gives g(a) = a for all a. Similarly 
the second counit condition gives /(a) = a for all a. So the previous example in 
fact gives the only possible comonoid structure in this category. We will always 
assume that the objects in Sets arc comonoid with this structure. 

As our next example let us consider a pointed set. This is a set A with a 
chosen point xq G A. Define a map 5 a ■ A — > Ax Ahy 6a{x) = {xq, x). Then 
we have 

[(1a X Sa) o SaKx) = {1a X SA)ixo,x) = {xo,xo,x) 
[{Sa X 1a) ° SaKx) = {Sa x 1a){xo,x) = {xo,xo,x) 

so {A,Sa) is a cosemigroup. It is not a comonoid because the only possible 
map CA ■ A — > e gives 

[lA o {1a <Si ca) o 5a]{x) = ['yAo{lA<SieA)]{xo,x) ='yA{xo,*) = xo 

so if there are any elements in A different from xq then A is not a comonoid. 
This construction only gives a comonoid when A = e. This fact is true for any 
monoidal category. 

Let us next consider the category Vectf. . This is the category of vectorspaces 
over a field k with morphisms given by linear maps. This category is monoidal 
with product bifunctor given by the tensorproduct of vectorspaces (g) = (8)fe. The 
neutral object is k. The associativity constraint a and unit constraints (3 and 
7 for this case are the linear maps aA,B,c '■ A® {B ® C) — > {A® B) ® C, 
pA ■ k<Si A — > A and ja ■ A<Sik — > A given on generators by 

aA,B,c{x ® {y ® z)) ^ {x ®y) igi z 
/3A{r <Six) = rx 
7a (a; ®r)=rx 

Let A be any finite dimensional vectorspacc in Vectk- Let f2 be a finite index 
set and let {ai}i^a be a basis for A indexed by Q. Then {ui ® ai'}i^i'^Q is a 
basis for A® A. Define a linear map Sa ' A — > A® Ahy 

SA{ai) = ai®ai 

Then evidently {A,Sa) is a cosemigroup. Define a linear map ca : A — > k 
on generators by eA(ai) = 1 ^ ^- Then we have 

[/3a o (ea ® 1a) o SA]{ai) = [Pa ° {^a ® lA)]{ai, a,) = /3a(1 «> Oi) = a, 
[7A o (1a 8) ca) o ^A](ai) = [7A o (1a eA)](ai, aj) = 7A(ai (g) 1) = a, 

so {A,Sa,ca) is a comonoid. In contrast to the case of Sets we can have 
many nonisomorphic comonoid structures on a given object in Vectk- Let Sa ■ 
A — > A® A and ca : A — > k be linear maps. We have thus 

SA{ai) = 5^r}_^.aj Oofc 
eA{ai) = Qi 
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where all indices run from 1 to m, the dimension of A. 
Then {A, Sa, (a) is a comonoid if {r] and {qi} are solutions of the following 
system of quadratic equations. 

Y.i'^j.krin - nj^.fc) = for all i, k, I, n. 
j 

XI '^IkQj = ^i,k for all i, k. 

j 

'^rljqj = 5i,k for all i,k. 
j 

For m = 2 this system have four different families of solutions. One of these 
families is the following 

SAiai) = ai (g) ai 

^^(02) = —xai (81 ai + ai 02 + a2 (8) ai 
qA{ai) = 1 
qA{a2) = X 

where x is a arbitrary element of k. 

Let now G be a finite group and let A = T{G) be the vectorspace of k valued 
functions on G. 

Note that since G is finite we have !F{G x G) « ^{G) ®k ^{G). Define a 
linear map dj^(G) ■ ^{G) — > ^{G) ®k ^{G) by 

Sj^(G){f){x,y) = f{xy) 

This clearly makes J^{G) into a cosemigroup. The linear map e:F(G) '■ 

r{G) k 

e^ioif) = /(e) 

where e G G is the unit of the group G, makes ( J^{G), Sjrf^Q-^, ejr(^Qj) into 
a comonoid. Note that this conclusion depends strongly on the identification 
J^{G X G) w ^{G) 0fe J^{G). For infinite groups this relation does not hold 
in general but for some infinite groups it does. For these cases we also get 
comonoids. 

The tensorproduct is not the only monoidal structure on Vectk- Let ® be 
the direct sum of vcctorspaccs. This is a monoidal structure with the neutral 
object given by the zero dimensional vectorspace e = {0}. The maps a, (3 and 
7 are the standard identifications used for the direct sum. The symmetry is 
the linear map a{u,v) = {v,u). These structures defines the structure of a 
symmetric monoidal category on Vectk- A cosemigroup is a pair {A, 6a) with 
Sa '■ A ^ A ® A a coassociative linear map. Any such map is determined 
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by a pair of linear maps f,g : A ^ A through 5^ (a) = {f{a),g{a)). The 
coassociativity gives the following conditions on the maps / and g. 

fof = f 
9°9 = 9 
f 9° f 

So any pair of commuting projectors on A define the structure of a cosemi- 
group on A. There are thus in general many nontrivial cosemigroup structures 
on a linear space. The comonoidstructurc is however much more restrictive. 
This is because the neutral object for ® is also the terminal object for the cat- 
egory. This means that there is only one possible counit for any comonoid. It 
is straight forward to sec that the counit property for the only possible counit 
gives f = g = 1a- So there is only one comonoid structure on A and this is the 
diagonal map 

(5a (a) = (a, o) 

In all the examples we have seen that coproduct for the comonoids have been 
monomorphisms. This is true in general 

Proposition 14 Let {B, 6b, cb) be a comonoid. Then the coproduct is a monomor- 
phism. 

Proof. Let D be any object in C and let ip,tjj : D — > B be two morphisms 
in C such that 6b o ^ = 5b o t/j- Then we have 

= lBOtp 

= Pb o (es (Xi 1b) o5b oijj 
= /3b o (es ®Ib)o6bO'^ 
= 1b Oip 

= V 

so 6b is by definition mono. ■ 

We will in general only be interested in comonoids where the coproduct 
has the additional property of being commutative. Only such comonoids carry 
enough structure to support a full theory of relations. We express this property 
by using the symmetry a. 

Definition 15 A comonoid {A,6A,eA) in a symmetric monoidal category is 
<j -commutative if <ta,a o6a = 6a- 

2.4 C-categories and M-categories 

In Sets each object is a cr-commutative comonoid in one and only one way . For 
the case of a general symmetric monoidal category we have seen that objects 
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may have several (T-commutative comonoid structures defined on them. We 
need to preserve the unique relation between objects and structures when we 
generalize from Sets. This relation is expressed in terms of functors and natural 
transformations. To any category C wc have associated a set of functors. These 
are the projection functors P : C x C — > C and Q : C x C — > C ,the diagonal 
functor A : C — > C x C defined by A{X) = {X,X) and the transposition 
functor T : C X C — > C xC . Let e be a fixed object in the category C. To this 
object we associate the constant functor Kg : C — > C . Finally let us assume 
that (g) : C X C — > C is a bifunctor and let H = (Ic x r x Ic) o (A x A). We 
are now ready to define the notion of a C-category. 

Definition 16 A C-category is a collection ( C,(S^,Ke,a,f3,'^,a,6,e) where { 
C,<S),Ke,a,(3,j,a) is a symmetric monoidal category and where S, e are natural 
transformations 

5 : Ic — > (8) o A 

such that the following relations holds 

(l0 o{S X lip) O 1a) • ^ = (a o I(IpxA)oa) • (1» ° (lie X cr) o 1a) • 5 
lip = (/3 o 1a) • (I® o (e X lip) o 1a) • (5 
lie = (7 ° 1a) • (1® o (lie X e) o 1a) • 5 
S= (cr-^ o 1a) -5 
^ o 1^ = (a"^ o l^xlexle ° Iff) ' (1® ° (" X lip) o 1h) 
■ (l(8io((8ixlc) ° (lie X (T X lip) o Iaxa) 

• (l0 o X lip) o Iaxa) • {a o l0xiexic ° Iaxa) 

• (1® o {S X 6)) 

e o l0 = (/3 o lipxife) • (I® ° (e X e)) 

The four first relations ensure that for each object in C there is fixed a 
unique commutative comonoid structure. The last two relations say that if a 
object X can be decomposed as X = A ^ B, then we can express the unique 
comonoid structure on X in terms of the comonoid structures on A and B. For 
the strict case they take the following form in terms of objects 

Sa®b = (1a ® o'A,B <8> 1b) o {6a Sb) 
CAOB = eA'S) Cb 

A M-category is the dual of a C-category. We get its defining equations 
by reversing all arrows. It is a category where for each object there is fixed 
a unique monoid structure and where the monoid structure on a object of the 
form X = A^ B can be expressed in terms of the structures on A and B. 
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3 Categorical theory of relations 



In this part of the paper we use the categorical framework described in the 
previous section to define a category of relations and develop its properties. We 
first define the notion of a relation and a corelation in a C-category. In a similar 
way relations and corelations can be developed in a M-category. The notions of 
C-categories and M-catcgories are dual concepts so that any definitions made 
or propositions proved in one of them hold in a dualized version in the other. 
Since the notion of relation and corelation also are dual of each other it is clear 
that it is enough to develop the theory of relations in C-categories. The other 
cases follow by duality. We start this section by defining relations on a object A 
in a C-category C in terms of arrows and collect such arrows into a category of 
relations TZ"^{C). This category of relations is then shown to be isomorphic to 
the category S^{C) oi A — A bicomodules in C. A semimonoidal structure H'^is 
introduced in this category and by isomorphism into the category of relations. 
This semimonoidal structure is then used to introduce a bifunctor (8>^on S^{C) 
and by isomorphism on TZ^{C). This bifunctor is used to introduce a monoidal 
structure on the category of relations. Certain properties of relations like tran- 
sitivity and reflexivity are formulated in algebraic terms using the monoidal 
structure. In the final sections a generalized notion of symmetry is introduced, 
this notion of symmetry use in a essential way the formulation of the Yang- 
Baxter equation in terms of action of a S2 graded group. The new notion of 
symmetry is then used to further categorize properties of relations. Equivalence 
relations appears as commutative and associative algebras with units. 

3.1 Relations 

Let (C, (X), ke,a, (i, 7, cr, 5, e) be a C-category and let A be a object in C. 
Definition 17 A relation on A is a arrow in C with codomain A® A. 

Note that we will use the same symbol for an arrow in C and the corre- 
sponding morphism of relations. Also note that a given arrow / : B — > B' 
in C can give rise to more than one morphism of relations. This can happen 
because we might have ri — r[ o f and r2 = r2 o ./ where ri , r2 : B — > A(g) A 
and r[,r2 : B' — > A® A are two pairs of relations on A. In this sense we can 
write Ir = 1b where B is the domain of the arrow r. Let us now consider a few 
examples of this construction. 

Let us first consider the case of Sets. This is a C-category with Sx{x) = 
{x,x) and ex{x) = * for all objects X G C. Let A and B be sets and let 
r : B — > Ax Ahe a map of sets. We can write r{b) = {f{b),g{b)). We have 

[(r X r)oSB]{b) 

= {f{b)J{b),g{b),g{b)) 

= {SAX6A){fib),9{b)) 

= [SaxA o r]{b) 
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so r is a arrow in the C-catcgory Sets and is therefore a relation in Sets 
in our sense. A relation on A in the usual sense is a subset of A x A. This 
is equivalent to assuming that the map r is a monomorphism. In general the 
map r assign to each clement in _B a source and a target. Several elements in 
B can be assigned the same source and target. In fact we observe that in Sets 
a relation in our sense is the same as a directed labelled graph. 

Let us next consider the C-category Vectk with direct sum as monoidal 
structure and 6 and e defined as for Sets. A relation on a linear space A is any 
linear map r : B — > A® A. Let L : A — > ^ be a endomorphism on A. Let 
B = A and define r : B — > A®Ahy 

r{a) = {a,L{a)) 

Then r is a linear map and therefore defines a relation on A in our sense. 
Note that the image of A under r is by definition the graph of the linear map 
L. More generally, let L be a linear subspace of A (B A. Let B = L and 
r : B — > A (B A the inclusion map. Then r is evidently a relation on A. In 
general a relation on A is like a graph, where the set of vertices and the set 
of labels have a vectorspace structure and the source and target maps respect 
these structures. 

As with any categorical concept the notion of a relation has a dual. 
Definition 18 A corelation on a A is a arrow in C with domain A® A. 

Let r : S — > ft x fl he a relation on in Sets. We assume now that the 
sets S and are finite. The algebraic description of the sets S and are given 
by the space of k valued functions B = J^{S) on S and A = J^{Q) on O. Let c 
defined by c{ f 9){x) = (/ ® g)(r{x}). Then c : A(^ A — > B is a linear map 
and by duality a morphism of the induced algebra structures on B and A(S) A. 

Therefore the algebraic image of the relation r in Sets is a corelation c in 
Vectk. This example show that corelations arise naturally by algebraization of 
relations in Sets. Note that in general a corelation c : A^ A — > B in Vectk 
with the tensor product as monoidal structure is in algebra usually called a 
A^ A algebra. 

3.2 Categories of relations 

Let r : B — > A^ A and r' : B' — > A A be two relations on A. A morphism 
/ : r — > r' is a arrow / : B — > B' in C such that the following diagram 
commute 




A ® A 



Let TZ^{C) be the category of relations on A. This is a category whose 
objects are relations and morphisms are morphisms of relations as just defined. 
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It is evident that to each diagram in TZ^{C) there is a corresponding diagram 
of arrows in C and commutativity of diagrams in TiAiC) follows from commu- 
tativity of the corresponding diagrams in C. For now there is no restriction on 
the object A or the arrows that arc relations on A. We will introduce further 
restrictions as we develop the properties of the category of relations. 

Morphisms of corelations are defined by dualizing the corresponding dia- 
grams for morphisms of relations. Corelations and morphisms of corelations 
form the category of corelations on A, TiA{C). 

We will now proceed to develop some formal properties of the category 
TZ^{C). The corresponding dualized properties holds for the category 7?, 4(C). 

Let r be a object in TZ"^{C) with domain B. Define two arrows 6^ : B — > 
A^B andS'' \B — >B®AmChj 



5'- = (7A (8) 1b) o ((U ea) 
S"" = (1b (8) 13a) o (1b <8> (ea <i 



i 1b) o (r (g) 1b) o (5b 
1a)) o (1b Or) ofe 



Define 6*' : B 



{A(S,A)(S)B and 6'' : B 



B®{A®A) by 



[r ® 1b) o 5b 
(1b ®r)o5B 



We first prove the identities 



Lemma 19 



{5a®a <8> 1b) oB'- = uai^a^ai^a^b ° (1a(8)A (8) ^') o e'- 
(1b (8> 5a0a) 06'^ = aB,A®A,A®A ° {0'^ (81 1a®a) ° 0'^ 
{6^ (8> Iaoa) 06'^= aA^A,B,A^A o (Iaoa (8 6''^) o 6^ 

Proof. Since r is a morphism in C we have the diagram 



But then we have 

C>!A(8iA,A(g)A,B ° (1A(8iA ® ^') ° 

= oiA®A,A®A,B ° (Iaoa (8> (r (8 Is)) o (1a0A O (5s) o (r (8> Is) ° ^s 
= OiA®A,A®A,B o (r (r (8 Is)) o (Is <8i 5b) o 5b 

= aA(g,A,A^A,B o (r (8 (r (8 Is)) o a^^B,B ° i^B Is) o 5b 
= {{r 'S)r) o Sb <E) Ib) ° 5b 

) Is) o (r 18) 1b) o 5b 
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The proof of the second relation proceeds in a similar way. For the third we 
have 



= {{r <S) 1b) <E> 1a»a) o {Sb fX" o (Is i^r) oSb 

= ((r «> 1b) (g) r) o {6b 1b) ° Sb 

= ((r (g) 1b) (8 r) o aB,B,B o (1b (g fe) o 5b 

= aA^A,B,A«iA o (r (g) (1b (8> r)) o (1^ (g) 6b) o Sb 

= aAiSA,B,A^A o (r (g) O"") o 5s 

■ 

we can now prove the following 
Proposition 20 Let r be a relation. Then the following diagrams commute 

^ 4 ® i R 
A B ~ {A® A) ® B 



A ® S A @ (A B) 

1 . ^' 



1 R ® 6 d 
B ^ A — *. B ^ (,A ^ A) 



1 R ® e 4 
B (8 A — *- B C 

»B,A,A / 



(B gl A) 81 A 



A ® B —2^ ► A ® (B ® A) 



°'A,B,A 



(A 8 B) (8 A 
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Proof. Using the lemma and the naturahty of a and 5 we have 

= OLA,A,B o (1a ® (7A ® 1b)) o (1a ® ((1a ® ca) <8> 1b)) 

o (1a O ^') o (7A «> 1b) o ((1a ® ea) 1b) o 61' 
= (((7A o (1a ® ca)) ® (7A ° (1a ® ca))) «) 1b) 

O OLA®A,A®A,B ° (1a®A ® O'') O 0^ 

= (((7A o (1a ca)) «) (7A o (1a (» ea))) (8> 1b) 

O (^A®A ® 1b) O 6^ 

= {5a i8) 1b) o ((7a o (1a O ca)) O 1b) o 6^ 
= {Sa (E) 1b) o 

= {Sa (H) 1b) o (1a O ca i8) 1b) o 0^ 
= {Sa O 1b) o 6^ 

Since e is natural and r a morphism in C we have the identities 



5e = EA O 7A 
£A<SiA = eA®e O (1a ^ Ea) 
EB = EA® A o r 



But then we have 



Pb o (ea ® Is) o<5' 

= Pb° (ea (8) 1b) o (7a 1b) o ((1a ® ea) (8 1b) o (r Is) o ,5b 
= /3b o (EAigie <8> 1b) ° ((1a ® ea) (8 1b) o (r (g) 1b) o 5b 
= Pbo (eaoa (8 1b) o (r (g> 1b) o Sb 
= Pbo (eb (8i 1b) o Sb 
= ls 

so the first pair of diagrams are commutative. The proof of the commuta- 
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tivity of the second pair of diagrams is similar. For the last diagram we have 

OlA,B,A o (1a fXi (5'^) o (5' 

aA,B,A o (U ® (1b ® M) o (U «) (1b ® (ea ® 1a))) 
o {1a 9') o (7A (g) 1b) o ((1a ® ea) ® Is) o 6*' 
= ((1a «) 1b) «) /3a) o ((1a ® 1b) (g (ca ® 1a)) 
o ((7a (g) 1b) ® Ia^ia) o (((1a ® ea) ® 1b) ® 1a«.a) 

O aA(»A,B,A®A o (1A(»A g) 6''') o 6*' 

= iiilA o (1a ® ea)) ® 1b) (g (^A o (ea ® 1a))) 

o ie' (g 1a®a) o 

= {6' (g) 1a) o (Is (g) (Pa o (ca ® U))) o 6f 
= ((5' ® 1a) o (5'- 
so this diagram is also commutative. ■ 

The previous proposition show that the pair {S^S^} define the structure of 
a A — A bicomodule on B. 

Definition 21 Let : B — > A (g) B, S"" : B — > B (g) A be arrows in C. Then 
{S^S^} define the structure of a A ~ A bicomodule on B if the diagrams in 
proposition commute 

We call the object B in the previous definition the underlying object for the 
A - A bicomodule 6 = {d^S''}. 

Let now 5 and ^ he A — A bicomodules with underlying objects B and E. 
A morphism / : 5 — > ^ oi A — A bicomodules is a arrow / : B — > E in C such 
that the following diagrams commute 



We now form a new category where objects are A — A bicomodules and where 
morphisms are morphisms oi A — A bicomodules. Let this category be named 



3.3 Relations in terms of A — A bicomodules. 

To each object r in TZ^{C) there corresponds a object S in S^{C). For mor- 
phisms of relations we have the following. 

Proposition 22 Let r and s be two relations with domains B and E and let 

f : r — > s be a morphism of relations. Let S and 7 be the objects in S^{C) 

corresponding to r and s. Then the corresponding arrow f : B > E in C 

defines a morphism f : S — > 7 in S"^{C). 
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Proof. Since / is a morphism in C and also a morphism from r to s we 
have the following commutative diagrams 



Using these identities we have e then have 

(1^ (^f)oS' 

= (1a ® /) o [lA ® Is) o {{Ia ® ^a) ® Is) o{r® Ib) o 5b 
= (7A ® Ie) o ((U » le) ® /) o (s Ib) o (/ ® Ib) o 5b 
= {lA ® Ie) o ((U ® ca) Is) o (s ® Is) o (/ (g) /) o 
= (7A Ib) o ((1a ® ea) (8 Ib) o (s Is) o o / 

In a similar way we prove the identity {f ^ 1a) o 5'^ = ^ o f . ■ 

The previous definition show that we have a well defined functor $ : TZ^ (C) — 
<S^(C), where $(r) is the A — A bicomodule corresponding to r and where 
^(/) = /• We will next construct a functor from S^{C) to Tl^{C). 

Let ^ be a object in <S^(C). define a morphism r : B — > A® Ahy 

r = (1a O /3a) o (U (es U)) o (1a 5'') o 

We have proved that /3a and cb are arrows in C and have therefore the 
following result. 



Proposition 23 r is a object in TZ^{C). 

Using this result we can define a map of objects ^ : S^{C) 
^{5) = r. For morphisms in S^{C) we have 



n^{C) by 



Proposition 24 Let 5, and 7 be two objects in S^{C) and let f : 5 — > 7 be 
a morphism. Then the corresponding arrow in C defines a morphism of the 
objects r = *(^) and s = ^(7) in Tl^{C). 

Proof. Let the domains of r and s be B and E. We have the following 
commutative diagrams 



7' 
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But then we have 
so f 

= {1a «) /3a) o (U 8) (££ U)) o (U «) 7'') 07'°/ 

= {1a (» /3a) o {1a «) (££ 1a)) o (1a 7*^) ° (U /) o (5' 

= (1a ® /3a) ° (U ® (££; <^ 1a)) o (U (/ ® U)) o (1a (8) (5'') o ,5' 

= (1a /3a) o {1a ® (e_E o / ® 1a)) o (1a ® (5*^) o 

= {1a ® /3a) o (1a (Ej {€b ® 1a)) o (1a iJ'') o 5^ 
= r 

so / is a morphism of relations. ■ 

We use this result to extend to a functor from S^{C) to TZ^{C) by defining 
*(/) = /• We will now show that TZ^{C) and S^{C) are isomorphic categories. 
We need the following lemma 

Lemma 25 

(7a (81 /3a) o ((1a ® ca) ® (cA ® 1a)) o ^aoa = 1a0A 

(5' ® 1b) o 5b — aA,B,B o (1a ® Sb) o S 

{1b ® ^'') oSb = aB]B,A ° (<^B <8) 1a) o 
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Proof, for the first part of the lemma we have 

(7a <8> (3a) o ((1a O ca) O {ca (8> 1a)) o Sa^a 

= (7A (8> /3a) o ((1a (8> ca) O (e^ U)) o a^^^_^_^ 

o (Q!a,a,a 1a) o ((1a cta.a) <8> 1a) o (Q!^,a,a ® 1^) 

O aA®A,A,A O (<5a ^a) 

= (1a /3a) o (tA (8 (le ® 1a)) o Q;A»e,e,A ° (^^A.e.e 1a) 
O ((1a (Te.e) 1a) o {<^A^e,e ° "A(8ie,A,A 

o ((1a ca) (ea ® 1a)) o ((5a (Ja) 

= (1a (3a) o (tA (le ® 1a)) o Q!A®e,e,A ° ("A,e,e ® 1a) 
O ((1a cre,e) 1a) O {a^l^^^ 1a) O aA(gie,A,A 

o(7a'®/3a') 

= (1a /3a) O a^l^ ,^ O ((U Pe) 1a) O ((1a Ce.e) U) 
° ("A,e,e ® 1^) ° "A(8)e,e,A O {-f^^ (g, (3^'^) 

= (1a /3a) o a^^^^^ o {{1a 7e) U) o 

° ("A,e,e ® 1^) ° Q'AOe.e.A O (7a^ ® /^A^) 

= (1a Pa) o (1a (7e 1a)) o 

° "A,e0e,A ° ("A,e,e ^a) O aA^e,e,A O (7^^ P^^) 

= (1a Pa) o (1a (7e 1a)) o (1a a,,e,A) 

° «Ai,e®A ° ((1a le) Pa^) O (7^^ U) 

= (1a Pa) o (1a (le /3a)) o (1a (le /3a^)) 
°"A,^e,A°(7A^«)lA) 

= (1a Pa) o a-j^\j^ o (7-1 ® U) 
= (1a /3a) o (1a 0/3^') 

= lA(giA 

for the second part of the lemma we have 
(5' Is) o 5b 

= ((7A Is) 1b) o (((1a ca) Is) Is) o ((r Is) Is) 
o ((5b 1b) o (5b 

= ((7A Is) 1b) o (((1a ca) 1b) Is) o ((r Is) Is) 
o aB,B,B ° (1b Sb) o 5b 

= aA,B,B o (7A 1b®b) o ((1a ea) Ibob) o (r Ibob) o (Is 5b) 
= (1b 5b) o (7a 1b) o ((1a ca) 1b) o (r Is) o 5b 
= (1b0(5b)o5' 



30 



The proof of the third part of the lemma is similar to the second part. ■ 
We now use the lemma to prove the following theorem 

Theorem 26 The functor $ : TZ^{C) — > S^{C) is invertible with inverse 

^ -.s^ic) -^n^ic). 

Proof. We only need to prove that $ is bijective with inverse ^ on objects 
since ^ is obviously the inverse of $ on morphisms. 

Let r be a object in TZ^{C) with domain B. Using lemma |5| we have 

(*o $)(?■) 

= (U ® Pa) o {1a <E> (es ® 1a)) o {1a ® {^{r))'') o ($(r))' 

= (1a ® /3a) o {1a (es ® 1a)) o (U ® (Is «) /3a)) 

o (1a ® (Is ® (ea ® U))) o (1a ® (Is ® r)) o (1^ ® Js) 

o {lA <8) Is) o ((1a ® ea) (8 Is) o (r (g) 1b) o Sb 

= (1a ® /3a) o (1a «) (le ® /3a)) o (1a «) (le ® (eA 1a))) 

o (1a ® (le «) r)) o (1a ® (es ® Is) o (5b) o (7A ® Is) 

o ((1a ® ea) (8 Is) o (r (K) Is) o 

= (1a ® /3a) o (1a (le ® /3a)) o (1a (le ® (eA ® 1a))) 
o (1a ® (le (8) r)) o (1a ® /3b^) o (7A Is) 
o ((1a ® ea) <S) Is) o (r (g) Is) o Sb 

= (1a ® /3a) O (1a (le ® /3a)) O (1a (le ® (^A ® U))) 

o (1a ® /3a^a) ° (7A ® 1a«.a) o ((1a ® ea) (8) 1a«.a) o (r (g) r) o 
= (1a ® /3a o (le /3a) o /3J^i^) o (1a ® /3-^i^) O (7A (g (le ® 1a)) 
((1a ® ea) ^ (cA (Xi 1a)) o <5a<8.A o r 
= (ta ® /3a) o ((1a (Xi ca) (Xi (cA ® 1a)) o <5a«.a o r 
= r 
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so \I/o$ = l7^A((7). Next let 6 be any object in S^{C) with underlying object 
B. We have 

= ilA ® Is) o ((U eyi) «) 1b) o (^'l'^) ® 1b) o 

= (7A ® Is) o ((U «> ca) 1b) o ((U ® /3a) 1b) 

o ((1a (cB 8) 1a)) (8) 1b) o ((1a ® S'') Ib) o ((5' (g) 1^) o (5^ 

= (7A <8i 1b) ° ((1a O ea) O Is) o ((1^ (8> /3a) O Is) 

o ((1a O (es (8> 1a)) Is) o ((U ^'■) O Is) 

O (XA,B,B O (1a (X) (5s) O 5' 

= (7A ® 1b) o ((1a » ee®A) ® 1b) o ((1a » (es U)) Is) 

o {{1a (8) (5)) 8) 1b) o q:a,b,b o (1a <E> Sb) o (5' 

= (7A ® 1b) o ((1a 8) cb^a) ® 1b) o ((1a O '5'') 8) Is) 

o aA,B,B o (1a 8) Sb) ° 

= (7A (8> Is) o ((1a O es®e) O Is) o ((U (8> (Is O ca)) O Is) 
o ((1a O ^'') (8> Is) o aA,B,s o (1a O ^s) ° ^' 
= (7A <8> Is) ° ((1a O es®e) O Is) o ((1a <8> 7s^) ® Is) 
o aA,B,B o (1a <8) (5s) o (5' 

= (7A i8) Is) o ((1a (8 es) (8i Is) ° aA,B,B o (1a <8> (5s) o (5' 

= (7a 1b) o Q:A,e,B o (1a (es (Xi 1b)) o (1a (8) (5s) o (5' 
= (1a 8) /3b) o (1a ® (es ® Is)) o (1a ® ^s) o 
= (5' 

and similarly we find that ($(^'(^)))'" = 5''. This proves that $o'J' = 15A((7). 

■ 

By definition 6 a ■ A. — > A (g) A is a object in 7?.^(C). Its image by $ is 
therefore an object in S^{C^. 

Proposition 27 $(5a) = {^a,(5a} 

Proof. We have 

$(^a)' 

= (7A <8) 1a) o ((1a 8) eA) 8) 1a) ° ((5a 8) 1a) o (5a 
= (7A o (1a ® eA) o ^A (8i 1a) o ^a 
= (1a 1a) o^A 
= (5a 

In a similar way we prove that '^{^aY = (5a- ■ 
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The object {Sa, 5a} in S^{C) will play an important role for a product we 
will define later and is given a special name. 

a = {dA,SA} 

In the following wc will mostly work in the category S^{C) and use the 
isomorphism to induce the corresponding structures on the category of rela- 
tions TZ^{C). Note that the category of corelations on A,TZa{C), is by duality 
isomorphic to the category of A — A bimodules. Denote this category by Sa{C). 

3.4 The Kl^ product of relations 

Let 5 and 7 be two objects in S^{C) with underlying objects B and E. Define 
two arrows in C (5 Kl^ 7)' : B (g) £ — > ^ (g) ^) and (5 lEl^ 7)'' : S — > 
{B(^E)'S:Ahy 

(<5K^7)' = aA,B,B°(^'®l^) 
{6 Kl^ 7)'' = aB,E,A o (Is 7'') 

Then we have 

Proposition 28 ^ 7 = {{6 7)', {6 7)''} is a object in S^{C). 

Proof. Using the naturality and the MacLane coherence condition for a we 
have 

aA,A,B^E o (1a (8> {6 7)') o {5 7)' 

= aA,A,B^E o (1a (81 Q!a,s,b) ° (1a(^' <8> 1e)) o Q!a,s,£; ° ® 1^) 

= aA,A,B«,E o {1a (81 Q!a,s,b) ° Q!a,A0S,b ° ((1a (8 o ^' O 1b) 

= aA,A,B^E o {1a ® Q;a,b,e) ° o;A,A0S,i5 ° ("a,a,s ® 1^;) 

o {{Sa « 1b) «) Ib) o ((5' ® 1b) 

= a^0A,B,iJ o (('^A ® Is) ® 1b) o {6' ® 1^) 

= (5a (8) 1b®b) o ("a.b.b ° ® 1b) 

= (5a <S> 1b0b) o (5 7)' 

and 

Pb^e o {ca O 1s®b) o {6 Kl^ 7)' 
= I3b^e o (ea <8> (1b <8> 1b)) o a^.s.B ° "^i 1b) 
= I3b^e o a^B^B ° ((^-4 ® Is) o 5' (g) 1b) 
= Pb0E o a~]^ j^ o (/3-1 (g) 1b) 
= /3b(»b o /3b0b 

= lB(giB 
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so B (g) E is a left A comodulc. In a similar way wc show that B (g) E is a, 
right A comodule. For the compatibility between the two structures we have 

aA,B<»E,A o (U ® {S 7)'-) o (,5 7)' 

= aA,B^E,A ° (Ia ® aB,E,A) O {^A ^ (Is ® 7'^)) 
= a;A,B®E,A O (1^ (g) aB^B.yl) O OiA^B,E<8>A 

o (5' «) (1b (g) 1^)) o (1b ® 7'') 

o (5' (8> (li? O 1a)) ° (1b <8> 7'') 

= ("a,b,b 1a) o {{S^ (8> Ib) (8> 1a) 

o a!B,B,A o (Is (S) 7'') 

= ((5 7)' ® 1a) o (^ 7)'' 

■ 

Using the previous proposition we can define a object map Kl^ : <S^(C) x 

^^(5,7) =5K^7 

Let 5, 7,p and ^ be objects in S^{C) with underlying objects B,E,D and 
T in C and let / : ^ — > p and g : 7 — > 9 be two morphisms in <S^(C). 

Let / : i? — > -E and 17 : D — > T be the corresponding arrows in C and let 
f ®g: B®E — * D®T be their product in C. Define fM^g = f®g. 

Proposition 29 / Kl"^ 51 :^ 5 Kl^ 7 — > p Kl^ ^ «s a morphism in <S"*(C) 

Proof. Wc have previously proved that / g( is a arrow in C. It is also a 
morphism in S"^{C) 

{p ey o (/H-^ g) 

= Ci~A^,D,T ° id ® It) °{f®9) 

= "B^r>,T °{P^ ° f ® 9) 

= '^b]d,t ° ((1a ® /) ® .9) o ((5' ® 1b) 

= (1a «) (/ (8) ff)) o a2^B,E ° ('5' ^ 1b) 

= (1a® (/^^ 3)) 0(5^-^7)' 

The identity {p Kl^ 6*)'' o (/ ® 3) = ((/ ^-j ^ 1^-) ^ ^a jg pj-Qved in a 
similar way. ■ 

Using this proposition we can extend the object map lEl"^ to a bifunctor by 
defining 

^^{f,g)=f^^g 
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In terms of this bifunctor we have the following immediate consequence of 
lemma p5| 

Corollary 30 Let 6 be a object in S^{C) with underlying object B. Then 6b '■ 
6 — > 6 6 is a morphism in S^{C). 

In general there exists no neutral object for This is clearly seen in the 
case of Sets. Let _B be a set and let / : _B — > A be a injective map of sets. Define 
a, A — A bicomodule structure on B by S'-{x) = {f{x),x) and S^{x) — {x, f{x)). 
Assume that w is a neutral object for H'^and let the underlying object for lu be 
S. Then there must exist a isomorphism h : S^^uj — > S and therefore bijective 
map h : B X S — > B that is a morphism of A — A bicomodules. But this implies 
that f{h{x,s)) = f{x) for all x and s. But since / is injective we must have 
h{x, s) = X and this is not possible if there is more than one element in S. A 
neutral element uj for K'^ therefore must have e = {*} as underlying object. 
Any A — A bicomodule structure w on e must be of the form = (xq, *) and 
uj^{*) = (*,yo) for some elements xo,yo £ A. Let i? be a set with more than 
one point and let f : B — > ^ be a map of sets that is not constant. Define a 
A — A bicomodule structure on B by S''{x) = {f{x),x) and S'^(x) — {x, f{x)). If 
a; is a neutral object for there must exist a isomorphism h : e x B — > B 
that is a morphism oi A ~ A bicomodules. But this implies that for all 6 G B 
we have f{h{*,b)) = xq and this implies that / is constant since h is bijective. 
This is a contradiction and this proves that Kl'^ does not have a neutral object 
in the case of Sets. 

3.5 Semimonoidal structures on the category of relations 

Recah that {S^{C),M'^, M"^) is a semimonoidal category if M"^ : Kl^ o (1 x 
Kl^) — > o X 1) is a natural isomorphism such that the first of the 
MacLane Coherence conditions is satisfied. We will in general assume that 
the category S^{C) is a semimonoidal category with respect to some choice of 
natural isomorphism M^. 

At least one semimonoidal structure for Kl"^ will always exists. 

Proposition 31 Let S and 7 be objects in S'^{C) with underlying objects B 
and E in C . Define 

where a is the associativity constraint for the category C . Then {S^{C), Kl'^, M'^, S"^) 
is a symmetric semimonoidal category. 

Proof. We have proved previously that ub.e.d is a Carrow in C . Next we 
need to show that the associativity constraint for (g) on C is in fact a morphism 
in S^{C). If we use the naturality and the MacLane coherence condition for a 
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we have 

{{d Kl^ 7) Kl^ p) O aB,E,D 

= '^AB^E,D ° ("a,b,_e ® ^d) o (((5' (8> 1b) Id) o aB,E,D 

= "A.B®_E,_D ° ("^,B,_E ® In) ° aA»B.E,D O {S^ (g) (1^; (g) Ij))) 

= (U ® aB,E,D) o {S (7 p)) 

M"^ is clearly an isomorphism and is a natural transformation if the following 
identity holds ((/ g) h) o Mf^^^^ = M^^y^ o (/ (g /i)) for ah 
morphisms / : 6 — > d',g : 7 — > 7' and /i : p — > p'in »S'^(C). But the 
corresponding identity in C is ((/ ® .g) ® ft.) oaB,E,D = ob'.E'.d' ° (/ <S) (5 <8> /i)) 
and this identity holds because a is a natural transformation. ■ 

The previous proposition leads us to the following definition 

Definition 32 The semimonoidal (<S'*(C), lEl"*, M"*) category is external if for 
all objects 6, 7 and p we have 

where a is the associativity constraint for the product (g on the category C 
and where B,E and D are the underlying objects for 5, 7 and p. 

Since S"^ {C) is isomorphic to the category of relations, a semimonoidal struc- 
ture on (C) will induce one on the category of relations. Let the product in 
n^{C) corresponding to Kl^ be : 7^^(C) x 7e^(C) — > n^{C). We thus 
have 

= o o ($ X $) 

We have the following explicit expression for the product 

Proposition 33 Let r and s be two objects in TZ^{C). Then we have 

r s = (7A ® Pa) o ((U ® ca) (ca ® U)) o (r ® s) 

Proof. Since (fi and ^ are isomorphisms with $ = ^'~^we only need to 
verify that 

$(r s) = $(r) <I>(s) 

for all objects r and s in TZ'^{C). Note that the naturality of e gives the 
following relations 

CA o /3a ° (CA (8 1a) 

= EeOA ° (CA (8> 1a) 

= eA0A 

= £A0e o (1a 8) Ea) 
= CA o 7a O {CA ^ 1a) 
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W then have 
($(r s)y 

= {-fA ® 1b®_e) o ((1a ca) iX) 1b«i£;) o {{ja <8) /3a) ® 1b®_e) 
o (((1a (E) ca) » (eA ® 1a)) ® 1b®_e) o ((?" s) (g) Ib^b) o Sb(S)E 
= ilA ® 1b®b) o ((1a (8) ca) Ibcse) o ((7A <8) /3a) ® 1b«)b) 
o (((1a O ca) (eA <8> 1a)) <8> Ib^b) o {{r O s) O Ibob) 

° '^mE,B,E ° ("S.B.B (8l 1b) O ((1b 0-b,e) ® 1b) 
° i^B]B,E ® ^e) ° Q!B(8iB,B,B O (^B (8l fe) 

= O^A.B.B ° ((7A <8> 1b) O 1b) O (Q!A,e,B (8l 1b) O ((1a <8> O-B.e) <8l 1b) 
O ((1a (1b ® Ea)) ® 1b) O ("a^B.A ® 1b) O aA(8iB,A,B 

o ((7A 8) 1b) (8 (/3a «> 1b)) o (((1a ® ca) O 1b) (8> ((ca (8i 1a) O 1b)) 
o ((r (g) 1b) 8) (s (g) 1b)) o {5b ® Se) 

= Q^A,B,B ° ((1^ 8) 7b) 8) 1b) O (aA,B,e ® 1b) o Q:A®B,e,B o (1A(»B g) (eA g> 1b)) 

o ((7A g) 1b) (g (/3a g) 1b)) o (((1a g) ca) <g 1b) ® ((cA » U) <g 1b)) 
o ((r g) 1b) g) (s g) 1b)) o ((Jb g) fe) 

= (1a (7b (8 1b)) O a^^g^^^^ o (aA,B,e ^e) O Q;A®B,e,B o (1a0B ® (cA g> 1b)) 

o ((7A (81 1b) (/3a (8) 1b)) o (((1a (8> ca) O 1b) (8) ((ca (8> 1a) O 1b)) 
o {{r O 1b) O (s (8> 1b)) o {Sb (8> fe) 

= (1a O (7b 1b)) O (1a O OLB,e,E) O "A.S.eigiB ° (1A(8)B <8> (ca (8> 1b)) 

o ((7A g) 1b) g) (/3a 8) 1b)) o (((1a fg ca) ® 1b) (8> ((ca (8> U) O 1b)) 
o ((r ® 1b) g) (s g) 1b)) o {5b g) (5b) 

= "a,b,b ° (*(^)' 8) /3b o ((ea o /3a o (eA ® 1a)) o s) 1b) o 6e) 
= (^a]b,e ° (* W 8) /3b o ((ea o 7a o (1a ® ea)) o s) (g 1b) o 6e) 
= ctAB,E ° W 8) /3b o (ea ® 1b) o $(s)') 
= "a.b.b ° 8) 1b) 

= $(r)' <S>{sy 

The proof of the identity ($(r H"^ s))*" = ($(r) Kl^ $(s))''is similar. ■ 
By duahty the category of C-corelations TZa{C) is isomorphic to the category 
of ^ - A bimodules Sa{C). 

3.6 The tensor product of relations 

For categories of bimodules over rings we have a standard construction of a 
tensor product. This construction is categorical in nature and can in a natural 
way be generalized to the category oiA — A bimodules <Sa(C). By dualizing this 
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construction wc arrive at onr definition of a tensor product oiA—A bicomodules. 
The isomorphism : 5^(C) — > TZ'^{C) is used to define the tensor product of 
relations. 

The following lemma is fundamental for the construction of the tensor prod- 
uct. 

Lemma 34 Let 6 be a object in »S^(C). Then 6'- : 6 — > a^^ S and J*" : S — > 
S a are morphisms in <S^(C) and if f : S — > ^ is a morphism in <S^((7) the 
following diagrams in S^{C) are commutative. 



Proof. There are four diagrams that need to be commutative for the first 
part of the lemma to be true. It is seen by inspection that this set of diagrams 
is included in the set of diagrams defining 5 to be a ^ — A bieomodule. The 
second part of the lemma is clearly true since the diagrams in C corresponding 
to the given diagrams are the conditions for / to be a morphism of the A — A 
bicomodules S and 7. ■ 

Let now S and 7 be any pair of objects in .S'^ (C) . ^From the previous lemma 
we can conclude that Vf,^ given by 




is a diagram in S"^{C). The limit of this diagram, when it exists, is deter- 
mined by a object in S^{C) denoted by (5® "^7 and a morphism wf^^ : (5® "^7 — > 
5H^7. 

Definition 35 Let 6 and 7 be two objects in S"^{C). The tensor product of S 
and 7 is given by 

®'^((5,7) = (5®^7 

The following property of nf^ is important. 

Proposition 36 tt^^ is a monomorphism. 

Proof. Let p be a object in S^{C) and let f,g 
morphisms such that nf-^ ° f = T^fj o g- Define h 
cone on P^^and therefore the equation 

4,^of = h 



: p — > S (8)"^ 7 be a pair of 
= nf^^ o g. Then (p, h) is a 
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has a unique solution. But both / and g arc solutions and therefore by 
uniqueness we can conclude that f = g and this proves that wf^^ is a monomor- 
phism. ■ 

We now want to extend the tensorproduct to morphisms. Let S,"/,9 and p 
be objects in S^{C) and let / : 5 — > 9 and g : 7 — > p be morphisms. Then 
we have 

Lemma 37 (/ Kl"^ g) o tt^^ is a cone on the diagram V^p. 
Proof. We have 

M^^,^pO{le^^ pi)o{fM^g)oT:l^ 
= M,^„,,o(/K^ {p'og))o'Kl^ 

= M,^,,^ o (/ (1, g)) o (1, V) < 

= ((/ la) g) o M,^„,^ o (1, V) ^i!^ 

= la)^^g)o(S'- lj)onf^^ 

= iifm^ l„)o5'-H^5)o7ri|^ 

= {{6'^ of) ^''9)ont^ 

= {9^ lp)o(/ M^g)oTrt^^ 

■ 

Let / Cg)"^ g : S (8)'^ 7 — > 9 ®^ p be the unique morphism that exists by the 
universality of the cone ®^ p. For this morphism we have the commutative 
diagram 

In general ^ 0"^ 7 will not exist for all pairs of objects in S'^iC). In order for 

it to exists and have reasonable properties we need to restrict the notion relation 
as we have defined it. Our first restriction is to assume that (g)"^ is defined for all 
pairs of objects in S^{C). Our second restriction involves the arrow 7r|^^. Let 
5, 7 and p be relations. We require that the morphism tt^^ Ip is mono. We 

have proved that 7r|^^ is always mono, but requiring that tt^^ Ip is mono is a 
nontrivial restriction in general. It can be thought of a some kind of " flatness" 
condition on A. 

Given the above restrictions we can define a map : (C) x .S"^ (C) — > 
S\C) by 

(8)'^((5,7) = (5 (^-^ 7 



5,7 
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Proposition 38 The map 0"^ is a bifunctor 

Proof. Let 6,S' ,5" ,'y,Y and 7" be four objects in S"^{C) and let f : S — > 
6', f : S' — > S", g : 7 — > 7' and g' : 7' — »■ 7" be morphisms. By universality 
we know that the equation 



n5",Y> Oip = ((/' o /) {g' o g)) o tt^. 



A 

7 



has a unique solution. One solution is by definition (/' o /) (g)^ [g' o g). But 
we also have 

^t",,"0{{f ®^g')o{f®^g)) 
= (/' 

= (/' g')o{f^^g)oT:t 



7 

= ((/'o/) (5'o9))o7r||^ 
By uniqueness we must have 

(/'o/) 0^ (5'o5) = (/'®^5')°(/®''5) 
Also by universality the following equation has a unique solution. 

One solution is clearly a^. But we have 

<^ o (1^ ®^ 1^) 

so by uniqueness we have Is^^j = 1* ®^ ^-y- ■ 

We will call S 7 for the tensor product of the A — A bicomodules S and 
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We defined the map (8>^ using universal cones in the category S^{C) but we 
will now prove that it can be constructed from universal cones in the category 
C. 

Let S and 7 be two objects in S^{C) with underlying objects B and E in 
C. Let the diagram ^ in C be given by 



B » (A Igl E) » (B (8 A) (g E 



1b ® 1 

B ® E 
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Assume that there exists a universal cone {X, h) on the diagram ^ in C. 
Define 

e' = (g) \x) o ((U ® es^ij) ® Ix) o (a^^.B.B ® ^x) 

o (((5' (g) Ie) (8) Ix) o 8) Ix) o 5x 
e'' = ® 13a) o {Ix <8) (eB®B (8) 1^)) o (Ix «) as.is,^) 

o (Ix (8) [Ib O 7'')) o (Ix 'Sih)oSx 

Proposition 39 6 = {6', 6''} is a A — A bicomodule with underlying object 
X. 

Proof. Let us define morphisms L,M : X — > A by 

M = Pa° [eB^E (8) 1^) o aB,B,A o (Is 

Then e' = (i O Ix) o ^x and 6"' = (Ix ®M)o5x and we have for the left 

structure 

oiA^A^x o {1a (8 e') o e' 

= aA,A,x o (1a (i Ix) o ^x) o (L (g) Ix) o 6x 

= aA,A,x o (1a O (i O Ix)) o (1a <Si 5x) o (L Ix) o ^x 

= Q!A,A,x o (1a (i O Ix)) o (L O (Ix <8) Ix)) o (Ix <Si 5x) o 6x 

= aA,A,x o (1a O (i O Ix)) o (L (Ix Ix)) o ax|x;X ° i^x O Ix) o ^x 

= ((U (8 L) (8 Ix) o ((i^ (8 Ix) <8) Ix) o (^x Ix) o Sx 
= {{L(g)L)odx<E)lx)oSx 
= ((5a o i 8) Ix) o <5x 

= {6a (8 Ix) o e' 

The proof for the right structure is similar. For the compatibihty of the left 
and right structure we have 

(6' ® 1a) o 

= {{L (g) Ix) o (5x 8) 1a) o (Ix (8 M) o 5x 

= {{L 8> Ix) 8) 1a) o {Sx <S> 1a) o (Ix 8) M) o (5x 

= ((L 8) Ix) 8) M) o ((5x 8) Ix) o 5x 

= ((L (8 Ix) (8 M) o a3^|^.^ o (Ix 8) Sx) o 6x 

= "a,x,a °{L® {Ix 8) M) o Jx) o Sx 

= <^a]x,a ° (1a <8 e'') o e' 

■ 

We will next show that /i is a morphism in <S^(C). For this we need the 
following lemma 
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Lemma 40 

(7a O {1a <8) Cbi^e) ipB O (CA Is) Ifi) ° aA,B,E) O Sa^{B^E) = 1a®(B(8)B) 

Proof. Let T be defined as 

T = {{1a Cre,e) IsigiE;) O ("^I^e.e ® 1b0b) O a!A(8ie,e,B0B 

o ((1a ca) (eB0B Ibob)) ° (^A Sb0e) 
Then we have 

ilA o (1a es^fi) (/3b o (ca 1b) Ifi) o aA,B,B) 
= ilA (/3b 1b)) o ((U eB0B) ((CA 1b) 1b)) 
° (1a0(S(8)B) Q;a,b,b) o <5a(8)(B0B) 

= (7a (/3s 1b)) O (lA0e Q!e,B,B) O ((1a ES^b) (eA 1b0b)) 

° "a^{b«,e),a,b«,e ° (a!A,B0B,A 1s0b) o ((1a (ta,bis,e) 1b0b) 

° i'^A^A,Bi»E ^Bi2)E)0iA^A,B^E,B^E ° (^A ^B^e) 

= (7A (/3b 1b)) O (lA0e ae,B,E) O aA(g,e,e,B(SE O (aA,e,e 1s0b) O T 
= (7A (/3b 1b)) o 0!A^e,npB,E ° (aA0e,e,B 1b) O a{A'S>e)^e,B,E 

O (aA,e,e 1b«ib) ° T 

= (^a]b,E ° ((7A 1b) 1b) o ((lA0e /3b) 1b) O (Q:A0e,e,B 1b) 
O a(A0e)0e,B,B ° ("A.e^e 1b0b) O T 

= '^'a,B,E ° ((7A 1b) 1b) o ((7A0e 1b) 1b) O a(A0e)0e,B,B 
° ("A.e.e 1s0e) or 

= (7a 1b0b) O (7A0e 1b0b) O (Q!A,e,e 1b0b) O T 

= (7A 1b8.b) o ((7A le) 1b®b) o {oiA.e.e IbcS^b) ° T 

= (7A IbcSb) O ((1a /3e) 1b0b) o ((1a CTe,e) 1b®b) 

° i'^A^e,e lB(g)B) O aA0e,e,B0B O ((1a Ea) o (Sa (eB®B 1b0b) O 5b0e) 

= ilA 1b0b) O ((1a 7e) 1b0b) O (Q^a e e ® ^B^e) O OLA®e,e,B^E 

o (7^1 ® /33^^) 

= (7A 1b®e) o ((7A le) 1b0e) O aA0e,e,B0E O (7a^ ® /^B®b) 
= (7A 1b0b) o aA,e,B®B o (7A (le 1b0b)) O (7^^^ (g) Pb^^e) 

= (7A /3b0b) o (7^^ (E> PsIe) 
= 1a0(B0B) 

■ 

We can now prove that /i is a morphism in S'^{C). 

Proposition 41 h defines a monomorphism in S^{C) with domain © and 
codomain 5 7 
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Proof. The fact that /i is a monomorphism in C follows from the universality 
as i did for -nf^ in proposition 36 



For the left structure we have 

(lA®h)oQ^ 
{lA®h) o {L®lx) o5x 
= (L (g) lB<g>E) o {Ix ®h)o5x 

= (ha o (1a ® eB(g,E) 1b«)£;) ° ("1,5, b ® Ibkib) o ((<^' ® 1b) ® Ibkib) 
= ilA o (1a ® es®£;) Ibob) o ("a.b.b ® Ibkib) o ((<^' ® 1b) » 1b(»b) 

o <5s®_E o ft 

= (ta ° (1a ® es®£;) "X) 1b«,b) o {a^^^^^ (g> Ib^b) 

o ((lA®i3 1b) (/9s » 1b) o ((ea Ib) 1b)) o ((5' 1b) ((5' ® 1b)) 

o 5b®B o ft 

= ilA ° (1a ® ebkib) g) (/3b o (ea 1b) 1b) o aA,B,E) o ("a.b.b c^a.b.b) 

O ^(A(»B)®B ° (^' ® 1b) o ft 

= (7A o (1a ® ebsib) ® (/3b o (ea 'S) 1b) '8' 1b) o "a.b.b) o '^^^(bob) 
° "a,s,b ° i^' ®lE)°h 
= o ((5' (g) 1b) o ft 

= (^ 7)' oft 

In a similar way we show the identity (ft ® 1a) o Q"- = [5 Kl-^ 7)'' o ft. ■ 

Proposition 42 Let the semimonoidal category {S^{C)^M^^a) he external. 
Then (0, ft) is a universal cone on Vf^^. 

Proof. It is evident that (6, ft) is a cone on the diagram Vf^. Let (6*, it) be 
any cone on Vf^^. Let Lp^ip : 9 — > be two morphisms in S^{C) such that 

ho ip — 9 
ho%l}^9 

Then h o (p — h o ip and since ft is mono we have = ip. Therefore the 
equation ho ip — 9 has at most one solution. 

The fact that (6*, u) is a cone gives us the relation 

M^^,^^ o {Is 7') o M = (5' 1^) o w 

If the underlying objects for 5, 7 and 9 are B, E and D, then u : D — > B®E 
and the previous identity corresponds to the following 
identity in C 

(1b 07') oit = (^' ®Ie)ou 
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and therefore {D, u) is a cone on the diagram ^ in C. By universaHty 
there exists a unique morphism ip : D — > X in Csuch that 

h o if — u 

The fact that (p is a, morphism in C and u and Sjj are morphisms in S^{C) 
gives us the following four commutative diagrams 



1a » 



A ^ D ® D 



If we define L as in proposition 39 we have the following identities 

L o ip 

= 1A° (Ia ® f-B®E) ° Ct^^B.E ° {S'- (g) 1e) o ho (p 

= JA° (1a ® sb^e) o a^^g^E o {6'- (g) 1b) o u 

= 7Ao(lA(8)er,)o6'' 
But then we have 

= (i (X) Ix) o (5x o 

= (i (X) Ix) o [ip ® ip) o 5d 

= {L o tp ® tp) o 5d 

= {Ia ®p)o (7^ ® lo) o ((1a «) Ed) Id) o (6*' ® Izj) o 5d 

= (1a ® o (7a ® Id) o aA,e,D ° (U ® (en (X" Id)) o (Ia ® ^d) ° O' 

= {1a ® o (1a ® /3d o (ed ® Id) o <^d) o 6*' 

= (1a ® (/?) 06*' 

In a similar way we prove the identity O"" o = ((^ ® 1a) o 9'^ . This proves 
that p is a. morphism in S^{C) and therefore that the equation 



h o p — u 
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has a unique solution in S^{C). ■ 

This proposition show that 6 (8)"^ 7 « since universal cones are determined 
up to isomorphism. This is the way the tensor product is usually computed. 

We now have two bifunctors Kl"*and (8''^ defined on S^{C). These two struc- 
tures are related at the functorial level as the next proposition show. 

Proposition 43 nf^ are the components of a natural monomorphism 



Proof. The proposition follows directly from the commutative diagram 3.6 



3.7 Monoidal structures on the category of relations 

We have seen that defines a seminionoidal structure on S'^{C) with asso- 
ciativity constraint M^. We will in the following only consider the case when 
the product (S)^ defines a monoidal structure on S^{C) with neutral object a. 
This is a further restriction on the category S^{C) and thus on the category of 
relations. Recall that the pair (3"*, a defines a monoidal structure on S^{C) if 
for all objects S, 7 and p there exists isomorphisms 

ms,-y,p : (5 0^ (7 P) — > {5 (S^ 7) 



P 



if -.a®"^ 5 — y 5 
i :5®^ a — > 5 



that are natural in (5, 7 and p and such that the MacLane coherence con- 
ditions are satisfied. The coherence conditions are a set of equations for the 
morphisms m^, l^ and r"^ and these equations may have no solutions, a unique 
solution or many solutions depending on the category C and the coalgebra A. 

Definition 44 A monoidal structure {S^{C),®)^,a,m^,l^,r'^) on the cate- 
gory S^{C) is induced if for all objects (5,7 and p in S"^{C) the following dia- 
grams commute 



{S »^ 7) » P 
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We will in the following derive a necessary and sufficient condition for in- 
duced constraints to exist in the external case. Let us assume that the semi- 
monoidal category {S^{C),^^,M'^) is external. Let V^^^ be the diagram 



(o S) 



5 a I 



Then {S,S^) is clearly a cone on this diagram since this is equivalent to the 
condition that ^' is a left comodule structure on the underlying object of 5. But 
we have also a stronger condition. 

Proposition 45 Let the semimonoidal category {S^{C),^^,M'^) be external. 
Then {6,6'') is a universal cone on V^g. 

Proof. In order to prove that {5, 5'') is a universal cone we must show that 
the equation 

has a unique solution (fi : 7 — > S for any / : 7 — > a S such that 

Since (3b ° (ca (8>1b)oi5' = 1s the equation can have only one solution and 
this solution must be 

93 = /3s o (eA (81 1b) o / 

The universality is proved if we can show that this is in fact a solution and 
also a morphism in S^{C). 

S'' oip 

= 6'' o/3bo {ca (8> 1b) o / 

= /3a0S o (le O 6^) o {cA O Is) o / 

= Pa^b o {ca (81 (1a O Is)) o (1a ^6^)0 f 

= PaisiB o (ca (81 (1a (8) Is)) o a^.A.B ° i^A (8) 1b) o / 

= /3a0S ° a~\ B o {p-^ (8 1b) o / 

= / 

so is a solution. Here we have used the identity Pa^b = (/3A<8lB)°Q!e,A,B- 
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By construction <p is a arrow in C, but we also have 

= (1a O /3b) o (U <8) (cA O Is)) o (U <8> /) o V 
= (1a ® /3b) o (1a (8> (cA Is)) o (1a ^') ° / 

= (1a O /3b) o (1a «) (eA (g> 1b)) o aI,A,B ° i^A O Is) o / 
= (1a «) Pb) o a^l, j^ o ((1a «> ca) ® Is) o {Sa O Is) o / 
= (7A ® Is) o (7a^ ® Is) o / 
= / 

= S'- oip 

so 1^ is a morphism in S^{C). ■ 

We have the following two corollaries to the previous proposition 

Corollary 46 Let the semimonoidal category {S^{C), M^) he external and 
let the underlying object for 6 be B. If induced unit constraints exists they must 
be of the form 

15=PB0 (ca Is) O TT^^ 

rf =lBO (Is <8) ca) o tt^^ 

Corollary 47 Let the semimonoidal category {S^{C), M"^) be external. Then 
the morphism (5' : 6 — > a ®^ 6 is a monomorphism. 

Proof. Let 7 be any object in S^{C) and let /, g : 7 — > 5 be any pair of 
morphisms. Assume that 5^ o f = 8^ o g and define h = 6^ o g. Then both / and 
h satisfy the equation 

5^ oip = h 

By universality we can conclude that f = g. ■ 

Proposition 48 Let the semimonoidal category {S^{C),^^,AL^) be external. 

Then induced unit and associativity constraints are unique if they exist. 

Proof. By definition a external unit constraint if is a solution of the equa- 
tion 

xl lA A 

But by universality this equation has a unique solution. The uniqueness 
of rf is proved in a similar way. For m^g ^ we note that the morphism t = 
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<5,7 



>1. 



I OTT^^^ ^ is mono. Let / and g be two morphisms such that the third 



diagram in definition 44 commutes. Then we have 

A 



sotof — tog. But t is mono and therefore f = g m 

We can now give sufficient conditions for the existence of induced unit and 
associativity constraints. 



Theorem 49 Let the semimonoidal category {S^{C),M'^ , M^) he external and 
assume that for all 5, 7 and p there exists a isomorphism mf^ ^ : 6 (7 
p) — > {5 ®^ 7) ®^ p such that the following diagram commute. 



^A 



^^A 
<5,T,P 



Then a induced monoidal structure {S^{C),®^ ,a,m^ ,1^ ^r^) on the cate- 
gory S^{C) exists. 

Proof. Let us first prove that mf^ ^ are the components of a natural isomor- 
phism. Let 5', 7' and p' be three other relations and let / : (5 — > (5,5:7 — > 7' 
and h : p — > p' be three morphisms. For any three relations J, 7 and p define 



K7' 



lp)o7r^ 



and ^s.' 



(li 8)^ -n^^i^ o TT^^^Ap. Then we have 



= ((/! 



7,P 



7>P 
'''5,7,P 



= ((/ 5) /^) o M,^^ p o ^,,^,p 
= M^^^,^p,o{f {g h))oijSn.P 
= M^^y^p, o iJjs'^Yy o (/ 0^ (g ®^ /i)) 
= V35',7',P' ° "l^,7',p' ° (/ ®^ (5 ®^ /^)) 

^From this the naturality of mf^ ^ follows because (ps',-y',p' is mono. We 
have thus far proved that we have a natural isomorphism 

ms,-y,p : (5 ®^ (7 P) — > {5 ®^ 7) ®^ P 

A induced left unit constraint is a natural isomorphism in (C) that satisfy 
the equation 



S' o (p ■■ 



'a, (5 
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By definition a 5 is a universal cone on the diagram r^g. But 5^ is also 
a universal cone on this diagram so there exists a isomorphism ip : a (g)^ 6 — >■ S 
such that 6^ o (f = n^g. We have seen that the only solution of this equation in 
iS'*(C) is given by if = Pb ° (ea (S) Is) o T^fj where the underlying object for 6 
is B. We can therefore conclude that if : a (E)"^ S — > 5 is a isomorphism. This 
isomorphism is natural because if 6 and 6' are objects in S^{C) with underlying 
objects B and B' and / : 6 — > S' is any morphism the naturality of /3 and tt^ 
give 

folf 

= / o /Js o (cA O Is) o nfg 

= pB' o (le /) o (e^ i8) Is) o nfs 

= pB' o (eA ® /) o nfs 

= (3b' o (ca ® 1b') o {1a /) o nfg 

= Pb' o {€a ® Ib') o nfs, o f 

= lfof 

In a similar way we find a natural isomorphism rf = -fB ° {^B ^a) ° "^fa- 
The proposition is proved if we can show that these three natural isomorphisms 
satisfy the MacLane coherence conditions for a monoidal category. We clearly 
have 

a^°lf = <a = a''orf 

But = 6a = oT and 5 a is a monomorphism so we have if = rf. This is the 
third MacLane condition. Let us now consider the second MacLane condition. 
Let 5 and 7 have underlying objects B and E. Using the formulas for lf,rf 
and the definition of mf^ ^ we find 

T^ty ° (rf I7) ° ^ta^y 

= [rf ® 1e) o nf^Aa,^ o mf^^^ 

= (7s Is) o ((Is ® e^) «) Is) o (Trf, 1^) o irf^^a.^^ o m^,,^ 
= (7b <8) Is) o ((Is ® e^) Is) o aB,A,E o (la 7rf,-y) o 7r^a®'*7 
= (7b «) Is) o aB,e,E o (Is (8) (eA Is)) o {h irf^) o 7r^„^^^ 
= (Is ^ Pe) o (Is ® (eA Is)) o (Is ® <^) o nf^^A^ 
= (Is /3s o (eA ® Is) o TT^^) o nf^^A^ 
= {ls lf)onf^^,^ 
= 7rf^o{ls^^lf) 
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and TT^^ is mono so we have 

{rf^^ l^)omt,^ = (l, 0^ l^) 

and this is the second MacLane condition. The first MacLane condition 

follow from the assumptions in the Theorem and the fact that Kl'^ is a semi- 
monoidal structure on S^{C) with associativity constraint M"^. m 

Since <S^(C) is isomorphic to the category of relations a monoidal structure 

on iS'^(C) will induce one on the category of relations. Let the product in TZ^{C) 
corresponding to (g)^ be 0-^ : 7^^(C) x n'^{C) — > 7^'^(C). We thus have 

0-^ = * o O ($ X $) 

We have the following explicit expression for the product 
Proposition 50 For any pair of objects r and s inR.^{C) we have 

r 0^ s = (7A /3a) o (1a <8) ea fS) ea 1a) o (r s) o 7r^(^)_$(g) 
Proof. We have a natural monomorphism 

TT^ : 0^ ^ 

Since by definition Q-^ = \E'oKI"^o($x<I>) and 0"^ = ^'o0^o($x<i>), horizontal 
composition of natural transformations give us a natural transformation 

(1^ o TT^ o [U X 1$)) : 0^ — > 

If we evaluate this natural transformation at a pair of objects r and s in 
1Z^{C) we get the following morphism in TZ^{C) 

^i{r)Ms) : r 0^ s ^ r s 

But this means that 

r 0^ s = (r s) o 

and this is the formula in the proposition if we take into account the formula 
for r H"^ s that we have derived earlier. ■ 

We will now consider a few examples of the tensor product. Let us first 
assume that the underlying category C is Sets with its unique choice of natural 
C-category C. We have seen that all possible A — A bicomodule structures 
5 = {i5',^''}on a set B are of the form (5'(x) = {f{x),x) and 5^{x) = {x,g{x)) 
for some functions /, g : B — > A. The relation on A corresponding to S is 
clearly given by r{x) = {f{x),g{x)). Let now r(x) = {f{x),g{x)) and s{y) = 
{h{y), k{y)) be two relations with domains B and E and let the corresponding 
A — A bicomodules be d and 7. The two maps (5'" x 1^;) and (1b x 7') are given 
by 

(5'' x lE){x,y) = {x,g{x),y) 
{1b X -(^){x,y) = {x,h{y),y) 
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In Sets the underlying object X for the A — A bicomodule S (g)"* 7 is the 
equahzer of the two given maps. We therefore find that 

X = {{x,y)\g{x) = h{y)} 

and 

((5®^ 7)'(a^,2/) = {f{x),x,y) 
{6 «)"^ -fYix, y) = {x, y, x, k{y)) 

The map irf^ : X — > B x E is the inclusion map. The relation r s 
corresponding to S ®^ 7 is then given by (r ©'^ s){x, y) = (/(x), k{y)). 

We have seen that each relation r and s is in fact a directed labelled graph. 
Each element in B can be thought of as a arrow that has a source and a target 
in the vertex set A for the graph and similarly for elements in E. Let us define 
two arrows to be composable if the target of the first is the same as the source 
of the second. The set X then consists of all composable pairs of arrows from 
B and E. Two relations on A^ B <Z A x A and E CL A x A, m. the usual sense 
corresponds to relations r and s in our sense if we let r{x,x') = {x,x') and 
siy,y') = {y,y') be the inclusion maps. If we use the same notation as above 
we find f{x, x') = x, g{x, x') = x' , h{y, y') = y and k{y, y') = y' . 

For this special case we find 

X = {{{x,y),{y,y'))} 

(r s){{x,y),{y,y')) = {x,y') 

We then observe that 

(r ©^ s){X) = BoE 
where B o E is the usual composition of relations. 

Let t : D — > A x ^ be a third relation with t{z) = {p{z), q{z)) and let p be 
the A — A bicomodule corresponding to t. Let X be the underlying object for 
{S 7) ©"^ p and Y the underlying object for S ©"* (7 ©"* p). Direct calculation 
show that 

X = {{{x,y),z)\ g{x) = h{y),k{y) = p{z)} 
Y = {{x, {y, z))\ g{x) = h{y), k{y) = p{z)) 

Define 

mt^,p{x,{y,z)) = {{x,y),z) 
lf{a,x) — X 
rf{x,a) = X 

It is easy to see that 'rnf .^ p is a morphism of relations. The underlying object 
for a ©"* S is easily seen to given by 

Z = {{f{x),x)\xeB} 
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Therefore if is clearly a isomorphism and 

{S'olf){f{x),x) 
= S\x) 

In a similar way we show that rf is a isomorphism that satisfy S^orf = irf^. 
It is easy to sec that uj:^^ ^,(3^ and satisiy the MacLane coherence conditions. 
They are therefore the associativity and unit constraints for a monoidal structure 
(g)"^on S^{C). A simple calculation show that they are induced. 

In a similar way we can define products of any number of relations. It is 
evident that the product of n relations consists of strings of composable arrows 
of length n, one arrow from each relation. Note that 5a is a relation on A. Let 
us assume that there exists a morphism of relations / : 5a — > r. This means 
that for each element a £ A there exists a element ha = f{a) in B such that a 
is both the source and target of ba- If we now take all possible products of the 
relation r we observe that the result is in fact the (internal) category generated 
by the graph defined by the relation. 

Let us next consider Vectk with © as monoidal structure. Let A be a linear 
space and let r : -B — > A(B A and s : E — > A (B A he relations on A. The 
domain for the product r s is a linear subspace oi B (B E 

V = {{u,v)\g{u)^h{v)} 
{r Q^s)iu,v) = if{u),k{v)) 

where r{u) = {f{u),g{u)) and s{v) = {h{v),k{v)). Let L : A — > A and 
S : A — > A be two endomorphism of A and let B = E = A and r : B — > A(BA 
s : E — > A® Ahc relations where r{a) = (a, L{a)) and s{a) — (a, S{a)). We 
then have /(a) = a,g{a) = L{a),h{a) ~ a and k{a) = S{a). Therefore the 
underlying object for r s is X = {{a, L{a))} and 

(r 0^ s)(a,L(a)) = {a,{SoL){a)) 

so the image of X in ^ ffi ^ is the graph of the composition of L and S. 
More generally let L C ^4 © A and S C A® Ahe two linear subspaces and let 
r : L — !■ A® A and s : S — > A(B Ahc the corresponding relations with r and 
s the inclusion maps. Then the image of the product relation of L and S in 
A(B Ais formed by selecting vectors in u G L , decomposing them as w = a + 6 
with a,b £ A, selecting vectors v £ S with decomposition v = b + c and finally 
forming the vectors w = a + c. 

A monoid in the category of relations is a relation r and two morphisms of 
relations 

Mr : r r — > r 
Ur : 5a — > r 
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such that the associativity and unit diagrams commute. Let us consider the 
case when the basic category is Sets. Then we have seen that a relation is a 
graph with vertex set A and arrow set B. The source and target for any arrow 
X is given by f{x),g{x) G A where r{x) = {f{x),g{x)). The domain X for the 
relation r r consists of all composable pairs of arrows from the graph B. 

X = {{x,x')\g{x)=f{x')} 

The map fir will define a associative rule of composition for composable pair 
of arrows in B. Furthermore the unitmap will provide for each vertex a & A 
an arrow u{a) that has a as both source and target and that acts as left and 
right unit for composition. The structure we have described is clearly a internal 
category in Sets with objects A and arrows B. Let B d Ax Ahe a. transitive 
and reflexive relation in the usual sense. If we define r{{x,y)) = {x,y) then r 
is clearly a relation in our sense. We have seen that the domain of the relation 
r (8)^ r is of the form 

X = {{{x, y), {y, z)) I {x, y) G B, {y, z) e B} 

and (r (g)^ r){{{x, y), {y, z))) — {x, z). Define a map of sets /ir : X — > Ax A 
by ^r{{{x,y), {y,z))) = {x,z). But both {x,y) G B and {y,z) G B and since B 
is transitive we have {x, z) G B and so we have in fact /x^ : X — > B. But we 
also have 

{r o iJr){{{x,y),{y,z)) 
= r{{x,z)) 
= {x, z) 

= (r r){{{x,y),{y,z))) 

so /ir : r (g)"* r — > r. The map fir is clearly associative. Define a map 
of sets Ur : A — > A x A hy Ur{x) = {x,x). Since the relation B is reflexive 
we have {x,x) G B for all x G A and therefore we have Ur : A — > B. This 
map is clearly a morphism of relations and acts as a left and right unit for 
the rule of composition /i-r. We therefore have proved that the relation in our 
sense, corresponding to a reflexive and transitive relation in the usual sense, is 
in fact a monoid in the category of relations. We can thus think of monoids in 
TZ"^{C) as generalized reflexive and transitive relations or generalized categories. 

3.8 Symmetries for the category of relations 

^Prom an algebraic point of view we know that commutative monoids is an 
important and interesting subclass of all monoids. From a categorical point 
of view the notion of commutativity can not be formulated unless there is a 
symmetry defined on the category. 

Let us therefore consider the notion of a symmetry for the category of re- 
lations. In Sets a relation r with domain i? is a labelled and directed graph 
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with vertex set A and arrow set B. Wc have seen that the tensor product of 
two relations r and s with domains B and -E is a new graph on the vertex set A 
where the set of arrows consists of all composable pairs of arrows from B and 
E. If (.X, y) with x E B and y E E is a composable pair of arrows it is clear 
that in general the pair {y, x) is not a composable pair. It is thus evident that 
for relations the simple transposition (x, y) — > {y, x) is not the right notion for 
a symmetry. Wc will develop our theory for the category iS'^(C) and use the 
isomorphism whenever we need the corresponding structures in the category of 
relations. Dual properties holds for the categories Sa{C) and the category of 
C-corelations. 

Before we give the right definition of symmetry for the category of relations 
we need to introduce a new structure. Let 5 = {6^6^} be a object in <S'^(C). 
Let r = ^{6) be the corresponding relation and define r* = (ta,a ° r and 

6* = $(r*) 

An explicit expression for the new object 5* is given by the following. 

Proposition 51 Let 6 be a object in S^{C) with underlying object B. Then 
we have 

Proof. Let r = ^'(^). Then we have 

= ilA ® 1b) o ((U ® e^) ® Is) o (r* «) Ib) o 5b 

= {lA ® 1b) o ((1^ ® ^a) ® 1b) o {(^a,a ® 1b) o (r (g) Ib) o 5b 

= (7a ® Is) o (a-e,A ® Is) o ((cA (8> 1a) ® Is) o (r Is) o 5b 

= {Pa (8) Is) o ((cA (8> 1a) (8> Is) o (r Is) o crs.s o 5b 

= (TB,A o (Is (8) Pa) ° (Is (eA (8 1a)) o (Is ^r) o5b 

= o-B,A ° S'^ 

where we have used the commutativity of 5b- In a similar way we show that 
(S*)"- = aA,B o 5K m 

Note that 5 and 5* both have the same underlying object. In order to extend 
the new operation * to morphisms we need the following lemma 

Lemma 52 Let 5 and 7 be two objects in S^{C) with underlying objects B and 

E and let f : 5 — > j be a morphism. Then the corresponding arrow in C define 
a morphism in S^{C) with domain 5* and codomain 7*. 
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Proof. We have 

(1a /) o i5*y 

= (1a (8i /) o aB,A o 6'' 

= 0-E,A °Y ° f 

= h*y o f 

and in a similar way we prove that (/ (E) 1^) o [S*y = (7*)'' o /. ■ 
We define /* : 6* — > 7* to be the morphism described in the previous 
lemma. It is evident that the map T : S^{C) — > S^{C) defined on objects 
and arrows by T{S) = S* and T{f) = /* is a endofunctor on S^{C) and since 
cr is a symmetry we have T oT = Is-^iC)- This show that the category S"^{C) 
has a nontrivial action by the' group 52 = {t \ = 1). 
The action have at least one fixpoint 

Proposition 53 Let a = {Sa, Sa} be unit the object for the monoidal structure 

(^^on S^{C) Then we have a* — a 

Proof. Recall that Sa ■ A — > A (S) A defines a commutative coalgebra 
structure on A. But then we have 

a 

= {Sa, Sa}* 

= {cta,a o Sa, crA,A o Sa} 
= {Sa,Sa} 
= a 

■ 

The nontrivial group of symmetries must be taken into account when the 
notion of a symmetry for the product structures Kl^^and (g)^ in S^{C) are de- 
fined. We have previously shown that for a symmetric monoidal category in 
the usual sense we have an interpretation of the Yang-Baxter equation and 
the unit symmetry conditions in terms of invariance with respect to the group 
H = {Tt{a),l0}. This whole construction was based on a certain choice of 
action by the group 5*2 = {1,0 on the category C, and generated by 
the functors Ti = Ic^b = t and T3 = (Ic x r) o (r x Ic) o (Ic x t). What is 
new for the category of relations is that we have a nontrivial action of We 
will generalize this and consider monoidal categories (C, (8>, ii'e, a, /3, 7) where 
we have a nontrivial action of ^2 generated by a functor Ti : C — > C . We use 
this action together with r to define actions of ^2 on the categories and 
generated by T2 = r o (Ti x Ti) and = (Ti x T2) o (T2 x Ti) o (Ti x T2). It 
is easy to see that T20T2 = Ic^ and T30T3 = Ic^ so that these functors really 
defines an action of ^2. Note that if Ti = Ic we get the action we discussed 
previously in the section on symmetries and group action. We now lift this 
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action to the functor categories [C^, C] and [C^, C] in the usual way. From this 
point we proceed in a way that is exactly parallel to what we did in the section 
on symmetries and group action. In general one could imagine that the functor 
Ti does not fix the unit so that Ti(e) ^ e. In this general situation we would 
assume the existence of a natural isomorphism 9 : — > tK^ in addition to 
the isomorphism a : (g) — > t(^. We would thus allow the constant functor Kg 
to be fixed only up to natural isomorphism. In this paper we will not consider 
such a possibility. This is because the unit is fixed both for the usual case with 
trivial action and for the case of the category of relations S^{C) as proved in 
proposition Allowing the unit to move would also make all formulas and 
derivations more complicated. With this out of the way we can now state that 
all results derived in the section on symmetries and group actions, up to and 
including corollary |l^ ,also holds for the current situation if we substitute the 
5*2 action from this section in all statements. The proofs of these results are 
of course different since they must take into account the more general action 
considered in this section. We do not reproduce these proofs here since they are 
long and rather similar to the ones already given in the section on symmetries 
and group action. 

We now reverse proposition |l^ that characterized symmetric monoidal cate- 
gories in terms of invariance and is lead to the following definition of symmetries 
for monoidal categories with a action of the group 5*2. 

Definition 54 Let C be a category where there is defined an action of the group 
5*2. Then (C, (3, Kg, a, (3, 7, a) is a symmetric monoidal category if {C, ®, K^,, a, (3, 
is a monoidal category and a : ® — > t® is a natural isomorphism such that the 
following identities holds. 

a o (li^ X (j) = {ta) • (cr o (ct X li^)) • a 
13 = (^7) • (cr o l^^xlc) 
7 = {tf3) ■ (cto Ii^xkJ 
to- = cr"^ 

We say that a is the symmetry for the monoidal category (C, 0, ife, a, /?, 7). 

The first condition is equivalent to the Yang-Baxter equation if wc consider 
symmetric monoidal categories in the usual sense with trivial action of 5*2. We 
will in all cases call the first condition for the Yang-Baxter equation. Note that 
even for the case of trivial action our notion of symmetric monoidal category is 
more general than the standard one. The standard definition of symmetry for 
a monoidal category implies that the Yang-Baxter equation holds but the fact 
that the Yang-Baxter equation holds for ct does not necessarily imply that ct is 
a symmetry in the usual sense. 

We say that {C,®^a,a) is a symmetric semimonoidal category if {C,®,a) 
is a semimonoidal category and the first and last of the above conditions hold. 

We will now apply the definition of symmetry for the case of the category 
of relations. For this case we denoted the map Ti by *. Let us first consider 
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the structure Kl"^. In terms of objects, the definition of a symmetry for the 
scmimonoidal category {S^{C),^^ , M"^) is as fohows. 

Definition 55 A symmetry for the semimonoidal category {S"^{C),M^ , M^) 
is a isomorphism Sf,^ : S lEl^ 7 — > (7* 6*)* that is natural in S and 7 and 
such that the following identities are satisfied for all S, 7 and p. 

In general many symmetric semimonoidal structures may exist for (S"*(C) 
with the product Kl'^. We will now show there is always at least one. 

Proposition 56 Let 6, 7 and p be objects in S"^{C) with underlying objects B,E 
and D. Define 

Sf^^ = (TB,E 

where a and a are the associativity constraint and symmetry for the category 
C. Then {S^{C)^M"^ ^ , S^) is a symmetric semimonoidal category. 

Proof. We already know that {S^{C),^^, M^) is a semimonoidal category. 
First we need to prove that Sf,^ is a morphism in S"^{C). Note that the under- 
lying object for (7* 5*)* is E ® B. If we use the fact that a is a symmetry 
in C we have 

((7* 5*)*y o St^ 

= CTECSB.A o (7* S*Y o (7B,E 

= CFEi^B,A o OlE,B,A o (Ifi ® {5*Y) o (Tb,E 

= CrE<»B,A ° aE,B,A ° (Ifi ® CTA.B ° S^) ° (^B,E 

= CFEtg)B,A o aE,B,A ° (Ifi ^ <^A,b) ° (1_E ® S^) o (7b, E 

= CrE«,B,A O CtE,B,A O (Ifi ^ CFA^b) O CrA(^B,E O <8) 1b) 

= (1a O ctb,e) o CKAis.B ° (^^ ® '^e) 
= (1a®5|^^)o(^K^7)' 

and this proves that 5*/^ is a morphism in S^{C). It is clearly a isomorphism 
and naturality is evident. The condition for S''^ to be a symmetry in S^{C) 
is satisfied since it turns into the condition for a being is a symmetry in the 
category C. ■ 

The previous proposition leads us to make the following definition. 

Definition 57 A symmetric semimonoidal structure {S^{C),^"^, M^, S^) on 
the category <S^(C) is external if for all objects 5,7 and p we have 

^tl,P ~ '^B,E,D 
'^t'T ~ ^B,E 
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where B,E and D are the underlying objects for 6, 7 and p and where a and 
a are the associativity constraint and symmetry for the category C. 

The previous proposition then proves that an external symmetries on S^{C) 
with product S'^always exists. 

We now turn to the definition of symmetries for S"^{C) with the product 
(g)"^. In terms of objects the general definition now takes the form 

Definition 58 A symmetry for the monoidal category{S^ {C) , (Si^ , a, m"^, l^, r^) 
is a isomorphism sf^ : 5 (g)"* 7 — > (7* (Si^^ S*)* that is natural in S and 7 and 
such that the following identities are satisfied for all 5, 7 and p. 

{lt,rost = rf 
{rirosi, = lf 

Note that identity two and three are not independent. One can be derived 
from the other by using identity four and the fact that the neutral object a is 
fixed by the action of 52- There are several equivalent formulations of the first 

symmetry condition 

Proposition 59 Let s"^ he a natural isomorphism sf^ : 6 0"* 7 — > (7* (8)"* S*) 
such that the following identities hold 

ilt^rost = rt 

Then the following statements are equivalent 
1. is a symmetry 

3. K.,^^,.r°<7.«.,.).,p°K7®^ip)°<7,P = («p)*®^i^)*°<7«-P 

4. imf.^^,^S')*°sf^^0^s'r,p°i4,-y<»^^p)°mtl,P = <(p-0^7-)-°(l*®^4p) 

Proof. By naturality of we have the following two identities 

The proposition now follows directly from these identities. ■ 
Let us now consider the existence of symmetries. 
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Definition 60 A symmetry for the monoidal category {S^{C), (8''^, a, m^, l^, r"*) 
is induced by a symmetry of the semimonoidal category {S^{C),M"^ , M^) if 
for all objects ^, 7 in S^{C) the following diagram commute 

^ » (7* «*)* 

We will in the following show that an induced symmetry exists in the external 

case and is uniquely determined by the symmetry S^. 

Recall that for any pair of objects S and 7 in S^{C), the diagram 'P^^ was 
given by 




^Prom the general theory of categories it is well known that isomorphisms of 

categories preserve universal cones. By definition {j* lE)"^ 5* , tt^, ^g,) is a universal 
cone on the diagram V^, ^j.and therefore ((7* 6*)* , {n^, ^■.)*) is a universal 
cone on the diagram {V^, g, )*. But we have the following result 

Lemma 61 Let the symmetric semimonoidal category {S^{C),^^, M^, S^) be 
external, then {S ®^ 7, Sf^ o Trf^) is a universal cone on {V^, g,)* . 

Proof. Let us first prove that it is a cone. For this we must prove that the 
following identity holds 

holds in S^{C). Since the semimonoidal structure on S^{C) is external, the 
previous identity is for the strict case equivalent to the following identity in C 

aE,A,B o (1b (g) {5*y) o aB,E o tt^^ = ((7*)'' ® Is) o aB,E o tt^^ 
But this identity follows from the Yang baxter equation and the fact that 



S 1 

"•5,7 
5 ®^ 7 
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{5 (g)^ 7, TT^^) is a cone on V^^. 

= aE,A,B O (1^. {S*y)* O aB,E O TT^^ 

= aE,A,B ° (1b <8) CTs^a) O (1b (S) ^'') O aB,E ° T^f^-y 

= aE,A,B ° (1b <8) CTs^a) ° CrB<s,A,E o (^'" i8) 1e) o tt^^^, 

= Q!E,A,B O (1b i8) CTs.a) ° 0-B(giA,B O aB,A,E O (1b (8) 7') ° ^^tl 

= aE,A,B O (1b <8) CTs^a) O CrB<S,A,E O Q!B,A,B O CrA<g,E,B ° (7' Is) ° <^B,E ° T^t.j 
= OiE,A,B ° (1b ® O'B^a) o <^B(S,A,E ° OiB,A,E ° (^A^E,B ° {(^E,A <?> Is) 
o ((7*)'' ® Is) o 0-B,B O TT^^ 
= ((7*)*^ ® 1b) O 0-B,B O TT^^ 

Let now {9, u) be any cone on ij^^, ^ )*. The proposition is proved if we can 
show that the foUowing equations has a unique solution tp : 6 — > S 7 

The equation has at most one solution since Sf^^ o nf,^ is a monomorphism. 
In a calculation very similar to previous one wc can prove that {9, (Sf^^)^^ o u) 
is a cone on "P/^. But {S (g)"^ l^T^f^) is a universal cone on Vf^ and therefore 
there exists a morphism h : 9 — > 5 ®^ 7 in S^{C) such that i^f^^ o h = 
(5^^)~^ o u. Composing on both sides with Sf^ show that Sf^ o wf-^ o ip = u 
and the proposition is proved. ■ 

We can now prove the existence of induced symmetries in the external case. 

Theorem 62 Let the symmetric semimonoidal category {S^{C),^^ , , S^) 
be external, then there exists a induced symmetry for the monoidal category 
{S^{C),®^,a,m^,l^,r^). 

Proof. The previous lemma show that both {5®^^, '^tj°^ti'^ ^^'^ ^^'^* 
(t''^-/*)*) are universal cones on {V:^, g, )*. We can therefore conclude 
that there exists a unique morphism sf^ : 5 (g)"^ 7 — > (7* S*)* such that 
(7r;^,_^.)* o s^^ = Sf^ o irf^. We will show that sf^ is a symmetry for the 
monoidal category {S^{C),®^ ,a,m^ ,1^ ,r^) on S^{C). The first symmetry 
condition for s^ follows from the first symmetry condition for 5''^, the identity 
(tt;^. ,5.)* o = o -nf ,^ and the fact that m"* is induced by M^. For the 
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second symmetry condition we have for the strict case 

= PB o {CA ® Is) O TT^g, o 

= Pb° i^A 'S> Ib) ° a-B,A ° T^t^a 
= Pb° CTfi^e O (Is ® <^a) ° T^ta 
= 7B ° (Is ® ^a) ° T^ta 

where we have used the fact that the symmetry 5*"^ is external. The last 
symmetry condition follows easily from the commutative diagram defining 
in terms of S''^and from the fact that is a symmetry. ■ 

3.9 Commutative monoids in the category of relation 

We will define the notion of a commutative monoid for categories with an ac- 
tion of S2 and then apply this definition to the case of relations. Let now 
{C,(E), K(,,a, P,j,(7) be a symmetric monoidal category with an action of S2 
generated by the functor Ti : C — > C. The conditions from definition || thus 
holds for a, f3,"f and a. 

Our definition of a commutative monoid is a natural extension and catego- 
rization of the notion of a commutative monoids in algebra. Let (M, - ,6) be a 
monoid in the usual algebraic sense, so that M is a set and • is a associative 
product on M with unit element e. Define a new associative product on M by 
X * y = y ■ X. Then (M, *, e) is a new monoid on the same underlying set. The 
monoid M is said to be commutative if (M, *,e) is the same monoid as (M, •, e) 
and this is equivalent to the condition a; • y = y • a; for all a; and y in M. The 
previous condition is really too strict since in algebra we consider isomorphic 
monoids to be essentially the same. Thus it would be more natural to require 
that the two monoids (M, •, e) and (A/, *, e) are isomorphic. From a categorical 
point of view the last condition is the only one that really makes sense since 
the relation of equality exists only between arrows and not between objects. If 
we now recall that the symmetry a is the categorization of the idea of changing 
order in the category C we arrive at our definition of commutativity. 

Let X be a monoid in the category C with product 11 : X X — > X 
and unit u : e — > X. Define morphisms ^'^ : Ti{X) Ti{X) — > Ti{X) and 
u':e-~^ T,{X) by 

/i'^ = Ti{^) o crTi(X),Ti(X) 

= Ti{u) 

Proposition 63 {Ti{X), ,u'') is a monoid in C 
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Proof. The Yang-Baxter equation and the naturahty of u implies when 
evaluated on (Ti(X),Ti(X),Ti(X)) the following relation 

<''Ti(X),Ti(X(g)X) O (1ti(X) ® 0'Ti(X),Ti(X)) = T\{a.x,X,x) O (yTx(X®X),Tx(X) 

° {(^Ti{X),Ti{X) ® 1ti(X)) 

Using this relation we have 
M''°(lTi(x)<8)/i'') 

= Ti(^) 0-Ti(x),Ti(X) O (iTi(Jf) ® (Ti(^) o crTi(Jf),Ti(Jf))) 

= Ti(^) o crTi(X),Ti(X) O (iTi(Jf) ® o (1ti(X) ® CTTi (X),Ti (X)) 

= Ti(^) o Ti(/i (g) Ix) o crTi(x),Ti(Jf(g>X) o (1ti(X) ^ 0'Ti(X),Ti(X)) 

= T'iCm o (m <8) Ix)) o Ti(ajc,x,x) o o-Ti(x®x),Ti(x) ° (o'Ti(x),Ti(js:) ® 1ti(x)) 
= Ti(/i) o Ti(lx (g) /i) o a-Ti(X(8iA:),Ti(x) ° {(^Ti{x),Ti{x) ® 1ti(x)) 

= Ti(/i) o crTj(x),Ti(X) ° ((^i(m) ° (^Ti{X),Ti(X)) <S' 1ti(X)) 

so the niorphism /i'^ is associative. The first unit condition evaluated at the 
pair of objects (e, Ti{X)) given the identity 

Pe,Ti(X) = Ti{'yx,e) ° <^e,Ti(X) 

^Prom the naturality of a and the fact that {X, /x, u) is a monoid we have 

IJ'^ o (m* (g) 1ti(X)) 

= T'iCm) ° <^Ti{X),Ti{X) O (3^1 («) O 1ti(X)) 
= Ti(/i) O Ti(lx (g) U) O C7e_ri(x) 
= Ti(^ O (1^ (g) u)) O C7e,Ti(X) 
= T'llTX.e) 0-e,Ti(X) 
= ^e,Ti(X) 

and this is the left condition on the unit. The proof for the right condition 
is similar. ■ 

Recall that : X — > F is a morphism of monoids (fi : {X, n, u) — > {Y, jj.', u') 
if the following two diagrams commute 




X *. Y 



We are now ready to define the notion of a commutative monoid in the 
symmetric monoidal category C. 
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Definition 64 Let {C,®,Ke, a, (3,^,(7) he a symmetric monoidal category. A 
monoid {X, fi, u) in C is commutative if there exists an isomorptiism of monoids 

ip:{X,n,u)^{T,{X),ij'^,u') 

We will now apply these definitions to the Sets. For this case there is only 
one possible choice that makes Sets into a C-category. Let r{x) = {f{x),g{x)) 
and s{y) = {h{y), k{y)) be two relations with domains B and E. Then r*{x) = 
{g{x), f{x)) and s*{y) = {k{y),h{y)). If X and Y are the underlying sets for 

r (g)^ s and (s* (g)"^ r*)* we have 

X^{ix,y)\gix)^hiy)} 
Y = {iy,x)\h{y)=g{x)} 

and the relations are given by 

(r (g)^ s){x,y) = {f{x),k{y)) 
{s* ®^ry{y,x) = {f{x),k{y)) 
Define s^g{x, y) = {y, x). Then clearly we have s^^ : X — > Y and also 

{{s* 0^ r*ros^J{x,y) 
= is* <S>^r*r{y,x) 
= {m,k{y)) 
= (r s){x,y) 

so that we have a morphism in s^^ : r (g)"^ s — > (s* (g"^ r*)*. It is straight 
forward to prove that s"^ is a symmetry on the category of relations. It is in 
fact induced by the symmetry of the external category Sets. Since a relation 
r : B — > ^ X ^ is a directed labelled graph it is clear that we get the relation 
r* : B — > ^ X A by reversing all arrows in the relation r. We have seen that r is 
a monoid if there exists a associative rule of composition for composable arrows 
in r such that for each object x € A there exists an arrow with source and target 
given by x and that acts as right and left unit for the composition. Let b and b' 
be two objects in B. Then the rule of composition for the relation r*is defined 
by first reversing both arrows, then composing them as arrows in r and then 
reversing the result to get a arrow in r* . Now a isomorphism cp : r — > r* is a 
bijective map with domain and codomain given by B and such that 

g{ip{x)) = f{x) 
f{ip{x)) = g{x) 

for all a; e B. If </? is also a isomorphism of the monoids {r,fi,u) and 
{r* , jj," ,u'') we must have 

^{lJ'{{x,y))) = fJ.iiipiy),ip{x))) 
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for all objects {x,y) E Ax A such that g{x) = f{y). These conditions are 
in general impossible to satisfy for the identity map = 1b- Let B C A x A 
be a relation in the usual sense. Then B corresponds to a relation in our sense 
if wc define r : B — > A x A hy r{{x,y)) = {x,y) so that f{{x,y)) = x and 
g{{x,y)) = y. We know that if r is a monoid in the category of relations then 
-B is a reflexive and transitive relation in the usual sense. Assume that B 
is also symmetric so that it is in fact a equivalence relation. Thus we have 
(x, y) & B \i and only if [y, x) € B. Then we can define a map : B — > B by 
(p{{x,y)) = {y,x). For this map we have 

gi'fiiix, y))} = 9{{y, x)) = x = f{{x, y)) 
fiviix, y))) = fiiy, x))=y = g{{x, y)) 

so that If : r — > r*. We have seen that the rule of composition and unit 
maps for r are given by 

lir{.{.{x,y),{ii,z))) = {x,z) 

Ur{x) = {x, x) 

but then the composition and unit maps for r* must be given by 

l^%{{y,x), {z,y))) = {z,x) 
u'^{x) — (x, x) 

It is evident that (p preserve that unit and the following computation show 
that (f : {r,iJ,,u) — > {r* , ii'^ , u^) also preserve the product 

¥'(M(((a;,2/),(2/,2;)))) 
= V{{x,z)) 
= iz,x) 

= H\{{y,x),{z,y))) 

We have thus proved the following result 

Proposition 65 Let B C A x A be a equivalence relation. Define r : B — > 
Ax A hy r{{x,y)) = {x,y). Then r is a commutative monoid in the category 
of relations with respect to the symmetry in TZ"^{C) induced by the symmetry 

a{x,y) = {y,x) in Sets. 

Note that this result show that relations that are not equivalence relations 
in the usual sense might correspond to commutative monoids with respect to a 
different symmetry than the standard one used in the proposition. Such a class 
of relations would corresponds to a extension of the notion of equivalence that 
might be of interest. 
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4 Quantization of relations 



In this section we apply our ideas of quantization as properties of functors in 
categories of representations of constraints. The constraints here are the system 
of functors and natural transformations defining a symmetric monoidal category 
where we have a action of the group S2 ■ Morphisms in this category of represen- 
tations are what we call quantized functors. These are determined by a functor 
and a triple of natural isomorphisms that satisfy certain conditions that ensure 
that the functors behave in a natural way with respect to the representations. 
Properties of relations are coded in terms of commutative diagrams of arrows 
in the category of relations. Equivalence relations appears as commutative as- 
sociative algebras with unit. In the last section we show how we can quantize 
relations by mapping them with quantized functors. 

4.1 Quantized functors 

Quantization has in our view its most natural formulation as a property of func- 
tors between categories. We will define quantization in the context of symmetric 
monoidal categories with an action of the group S2 ■ The symmetries are sup- 
posed to be symmetries in our modifies sense, they are natural isomorphisms 
that satisfy the conditions given in definition |5j . 

Let now (Ci, Pei , ctj, A, 7i, fi) for i = 1,2 be two symmetric monoidal 
categories and let F : Ci — > C2 be a functor. 

Definition 66 A quantization of the functor F is a triple of natural isomor- 
phisms (A, /i, 77) 

A : (g)2 o (F X F) — > Fo(g)i 

fi: F >tF 

f]:K,,^Fo K,, 

such that the following relations hold 

a2 ° IfxFxf = (l«i2 ° i^^^ X If)) • (A^^ o l^ixicj ' (If ° ai) 
• (Ao lic^xcsi) • o (If X A)) 
/32 o Ifxf = (If o ^1) • (A o 1k,-^x1c,) ■ (l«i2 o (?7 x If)) 
72 o Ifxf = (If o 71) • (A o lici x/fei ) ' (-'-«'2 ° i^F X ri)) 

^2 o IfxF = (lt®2 ° (M^^ X /l"^)) • (tX^^) ■ (/I o (Ti) • A 
tjjL — fl~^ 

The only true justification of this definition, as for any mathematical defi- 
nition, lies in the importance and depth of its consequences. We will now start 
investigating some of those consequences. We will first show that quantized 
functors are composable. 
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Proposition 67 Let F : Ci — > C2 and G : C2 — > C3 be quantized functors 
with quantizations {Xp, j^Fyilp) and {Xg, I^GtVg) ■ Then G o F is a quantized 
functor with quantization {Xgof, ^GoFjVGof) where 

Xgof = (1g ° Xf) • {Xq ° Ifxf) 

VGoF = (1g ° Vf) ■ VG 
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Proof. For the first condition we have 

Q!3 O IgoFxGoFxGoF 
= a3 o IgxGxG ° IfxFxF 

= [(1®3 ° i'^G^ ^ 1g) ° IfxFxf) • (Aq^ o l(g,2xlc2 ° IfxFxf) 

• (1g 0^2 IfxFxf) • (Ag O lC2X(g)20lFxFxF) 

• (l«i3 ° (1g X Ag) o IfxFxf)] 

= (1®3 ° (Ag^ o IfxF X Igof)) • (A(3^ o (l,g,2o(FxF) X If)) 

• (lGol,g,2 o{X-^ X If)) • (IgoA^^ °l®ixici) 

• (1g o If ° ai) • (1g o Af o 1cix«ii) 

■ (1g o 1(812 ° (If X Af)) • (Ag o (1^ x l;g,2o(FxF))) 

■ (Ii8i3 ° (Igof X (Ag o Ifxf))) 

= (1®3 ° ((Ag^ ° Ifxf) X Igof)) • (A^;^ o (l®2o(FxF) X If)) 

■ (1go®2 o (Af^ X If)) ■ (1g ° A^;^ o (Ig^^ x li^,^ )) 

• (Igof o ai) • (1g o Af o (li^,^ X l^J) ■ (1go02 ° (1-F x Af)) 

• (Ag o (If x 102o(fxf))) • (l^s ° (Igof x (Ag o Ifxf))) 
= (1®3 o ((Ag^ o Ifxf) X Igof)) • (Aq^ o (A^^ X If)) 

• (1g o A^^ o (l^j X lic^ )) • (Igof o ai) 

■ (1g o Af o (Ici X 1® J) • (Ag o (If x Af)) 

■ (Ii8i3 ° (Igof X (Ag o Ifxf)) 

= (l03 ° ((Ag^ ° Ifxf) X Igof)) ■ (1(813 ° IgxG o (Af^ X If)) 

■ {Xq^ o (1fo®i X If)) ■ (1g o Af^ o (1^^ x li^J) 

• (Igof o ai) • (1g o Af o (li^ x 1^ J) 

• (Ag o (If x Ifokii)) ■ (l^,, ° IgxG o (If x Af)) 

• (1^3 o (Igof X (Ag o Ifxf))) 

= (1(8.3 ° ([(Ag^ ° Ifxf) • (1g o A^^)] X Igof) 

• ([(Ag' o Ifxf) ■ (1g o A^^)] o (l^,^ x U^J) 

■ (Igof o ai) • ([(1g o Af) • (Ag o Ifxf)] o (lici ^ ^^i)) 

■ (1(83 ° (Igof X [(1g o Af) ■ (Ag o Ifxf)]) 

= (l03 ° (AgoF X Igof)) • (AgoF ° l(8ixlci) 

■ (IgoF ° Q!l) ■ (AgoF ° llci X0i) • (l03 ° (Igof X Agof)) 

The proof for the second and third conditions are the similar and we only 
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show the proof for the third condition 

73 ° IgoFxIt 
= 73 o IgxIt ° 1-FxIt 

= [(1g 072) • (Ag o llcsXATeJ • (l03 ° (1g X Vg))] o IfxIt 

= (1g 072 o IfxIt) • (^G o licjxKes ° IfxIt) • (1®3 ° (1g X 77g) O IfxIt) 
= (1g o [(If o 71) • (Af o lip^ xK., ) ■ (1®2 ° C^F X ?7f))]) 

• (Ag o 1ic2xx,2 o IfxIt) • (1®3 ° (1g X ?7g) o IfxIt) 

= (1g o 1^ o 71) • (1g o Af o licj X ATei ) • (1g o 1(»2 ° (1-F X 77f)) 

■ (Ag o x-^e2 ° I-FxIt) • (1®3 ° (1g X ?7g) ° IfxIt) 
= (Igof o 71) ■ (1g o Af o lici xifei ) 

■ (1go02 o {Ip X J7ir)) o (Ag o {If x lif.J) ■ (1®3 o (Igof x tjg)) 

= (Igof o 71) ■ (1g o Af o lici xifei ) ■ (Ag o (If x 77^)) • (I03 o (Igof x tjg)) 
= (Igof o 71) ■ (1g o Af o lici xifei ) ■ (Ag o (If x 77^)) 

■ (l03 ° (IgoF X IgoK.J) ■ (1®3 O (IgoF X T]g)) 

= (Igof 071) • (1g o Af o licjxKeJ • (Ag <=> (If x r/ir)) 

• (1®3 ° (Igof X t]g)) 

= (Igof o 71) • (1g o A_f o lic^ xk,i ) • (Ag o (If x Xfok^^ )) 

• (1®3 ° (1g X 1g) o (If X ?7f)) ■ (1®3o(1g„f X t/g)) 

= (Igof o 71) ■ (1g o Af o lici X ATei ) • ('^g o Ifxf o (lici ^ ^^^i )) 

■ (l03 ° (IgoF X (1g OJJir))) • (1^3 O (IgoF X ?7g)) 

= (Igof o 71) ■ ([(1g ° Af) • (Ag o Ifxf)] o lici xifei ) 

■ (l03 ° (Igof X [(1g o "qp) ■ 77g])) 

= (IgoF O 71) ■ (AgoF O llci xifei ) ■ (l03 ° (Igof X TJGof)) 
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For the fifth condition we have 

^3 o 1go_FxGoF 

= 0-30 IqxG ° Ifxf 

= [(lt«.3 ° (Mg^ ^ A^G^)) • i^^^G^) ■ iPG o CT2) ■ Ag] o li^xF 
= (lt®3 ° (/^G^ X Z-'g^) ° Ifxf) • (tAg^ o Ifxf) • O^G o (72 o I^xf) 

•(Ag ° Ifxf) 

= (lt«i3 ° (Mg^ X A*G^) ° 1-Fxf) • (^Aq^ o Ifxf) 
■{liG o [(lt®2 ° (Mf^ X ^t^;;^)) • (tAp^) • {^jLF o cTi) • Af]) • (Ag o Ifxf) 

= (1*83 ° (Mg^ X -"g^) ° Ifxf) • (^Aq^ o Ifxf) • (lt(Go®2) ° (Mf^ A^F^)) 

•(ItG ° (^A^^)) • (p.G o Mf o cTi) • (1g o Af) • (Ag o Ifxf) 
= (lt(33 o (a*g^ X A^G^) ° If^xF) • ((AAg^) o (^^1 X ^^1)) • (ItG ° (iA^^)) 

■{p.G o Mf o o-i) • (1g o Af) ■ (Ag o Ifxf) 

= (1*8)3 ° (A^G^ X Mg^) ° Ifxf) • (lt®3 ° (ItG X ItG) o (Mf^ X /i^^)) 
■((AAg^) o (ItF X ItF)) • (ItG o (tA^^)) • (^G o AiF o cri) 

■(1g o Af) • (Ag o Ifxf) 
= (lt®3 ° ((a^g o Mf)"^ X (//G o A-^f)"^)) • (A[(1g o Af) • (Ag o Ifxf)]"^) 

•(/iG o o CTi) • [(1g o Af) • (Ag o Ifxf)] 

= (lt®3 ° (A^GoF X Mgof)) • (*-^Gof) • (MGoF o CTl) o AgoF 

The last condition is clearly satisfied because action by t pass through hori- 
zontal composition. ■ 

As a consequence of this proposition the class of symmetric monoidal cate- 
gories form a category where arrows are four tuples {F, Xp, fip^rip) and where 
composition of four tuples is defined using the previous proposition. 

{G,XG,tJ'G,'>lG) ° AF,AiF,?7F) = (G o F, AgoF,MGoF,??Gof) 

A given category C with a product bifunctor ® and unit functor is a 
symmetric monoidal category if the conditions on a,/3, 7,(7 and stated in 
definition |5j are satisfied. These conditions are equations that may have none 
or many solutions depending on the category C and the choice of functors (E) 
and Kg. We thus in general have a set of solutions. Let this set be denoted by 
S. We will now show that there is a group acting on 5*. The definition of this 
group action is derived from the formulas defining a quantized functor. Let G 
be the following group of natural isomorphisms 

G = {(A, /i, 77) I A : — >(E),fi:lc — > lc,V - Ke — > K^} 

where the product is taken componentwise. The size of this group depends 
on the category C and functors ® and P^. Let now (X,fi,r]) be any element of 
the group G and define a mapping Fx^^^^i on S by 



69 



where 



a = (A-i o (A-i X li J) ■ a • (A o (^^ x A)) 
^=/3-(Ao(ryx li^) 
7 = 7- (Ao (lie X 

= (It® o (/i^^ X n^^)) ■ {t\~^) ■ (^ o cr) • A 

Let H be the subgroup of G defined by the relations 

/i O Ig, O (/i^l X IkJ = lcgo(lcX/f,) 
/i O 1^ O (Ix^ X /i"^) = l®o(K,Xlc) 

trj ^ {^oIk^) -T] 

Then we have the following important result. 

Theorem 68 Fx^^^^jj : S — > 5* and defines a action of the group H on the set 
S. 

Proof. In order to prove that (a, /3, 7, (?) G S" we must show that (a, /3, 7, a) 
defines a symmetric monoidal structure. There are eight such conditions. For 
the first condition we have (this is also a proof that the map T'i(c) from section 
2.2 maps associativity constraints to associativity constraints) 
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(So ligixlcxlc) ■ (So llcxlcx® 

= (A ^ o (A ^ X li^) o l^xlcxlc) ■ (fl' ° l(gixlcxlc 
•(A o (Ic X A) o l^xlcxlc) ■ (^~^ ° (^"^ X Ic) o llcxlcx® 
•(a o li^xlcx®) • (A o (Ic X A) o li^xlcx® 

= (A-1 o (A-1 X li^) o l®xicxic) • (A o {1^ X A)) • (A-1 o (A-1 x 1^) 
■{a o Ic X Ic X (g)) • (A o (Ic X A) o licxicx® 
= (A"^ o (A"^ X lip) o l<g,xicxic) • (1® ° (A"^ X A)) • {a o li^xicx® 

•(Ao(lc X A) o lipxlcx® 
= (A-^ o ((A-^ o (1^ X lip)) X lip)) • {a o l^xicxic) • (1® ° (A"^ X A) 
■{a o lipxicx«>) • (A o (lip X (A o (lip X 1®))) 
= ([(A-i o (A-i X lip)) • a] o (1^ X lip X lip) 
•((1® ° (lie X 1®)) ° (A^^ X lip X lip) 
•((1® o (1® X lip)) o (lip X lip X A) 
•([a • (A o (lip X A))] o (lip X lip X 1^) 
= ([(A-i o (A-i X lip)) • a] o (A-i X lip X Up) 
•([a-(Ao(lip xA))]o(lip xlip xA) 
= (A-i o (A-i X lip) o (A-i X lip X lip)) • {a o (1^ x hp x hp) 
■{a o (lip X lip X Igj)) • (A o (lip X A) o (lip X lip X A) 
= (A"^ o ((A"^ o {X-^ X lip)) X lip)) • (a o l^xicxic 
•(ao lipxipx®) • (A o (lip X (A o (lip X A))) 
= (A^^ o ((A^^ o (A-^ X lip)) X lip)) • {1^ o (a X lip)) • (a o lipx®xic 

•(1« o (lip X a)) • (A o (lip X (A o (lip X A))) 
= (A-i o ((A-i o (A-i X lip)) X lip)) • (1^ o {a X lip) 
o (1^ X lip) o (lip X A X lip)) • (a o (lip X 1^ X lip) 
•(l<g, o (lip X I0) o (lip X A"^ X lip)) • (1^ o (hp X a) 

•(Ao(lip X (Ao(lip X A))) 
= (1« o ((A-i o (A-i X hp)) X hp)) • (A-i o ((1^ o (1^ X hp)) X hp) 
•(1® o (a X lip)) ■ (1^ o ((1^ o (lip X A)) X lip)) • (a o lipx®xic 
•(A o (hp X (1« o (A-i X ho)))) • (1® ° (lio X «) 
•(l«o(hp X (Ao(lip X A))) 
= (1^ o ((A-i o (A-i X hp)) X ho)) • (I0 ° (a X ho) 
•(A-io(l^ X lip)o(lip xAxlip)).( 

Q ° llc-xC3xlc 

•(A o (lip X I0) o (lip X A"^ X hp)) • (1® o (hp X a) 
•(1® o(lio X (Ao(lip X A))) 



71 



= (1^ o ((A-1 o X li J) X li^)) • (1^ o {a X li J) 
■(A-io((l^o(li^ xA))xli^)). 
•(Ao (lie X (1^ o (A-1 X lie)))) ■ (1® ° (lie X a)) 
•(l«o(lie X (Ao(lie X A)))) 

= (1« o ((A-l o (A-l X lie)) X lie)) • (1« ° (Q X lie)) 
•(1® o ((A o (lie X A)) X lie)) • (A"' ° (A"' X lie) ° 1 

•(ao llcx(8)xlie) ■ (Ao (lie X A) o liex®le) 
•(1« o (lie X (A-1 o (A-1 X lie)))) • (1» o (lie X «)) 
•(l«o(lie x(Ao(lie XA)))) 
= (l0 o (S X lie)) • (" ° llcx®xlc) • (1® ° (lie X a)) 
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This proves the first condition. For the second condition we have 

(I® O (7 X lie)) • (" ° llcXKeXlc) 

= (1« o ([7 • (A o li,.xA7) • (1» ° (lie X v))] X lie)) • ([1® ° X li,,)) 

•(A^^ o l,g,xlc) - a- (Xo licx®) • (1® o (lie X A))] o licxA'eXle) 
= (1® ° ((7 X lie) • ii^ ° IicxkJ X lie) • ((1® ° (lie X ??)) X lie))) • 
(1® o (A~^ X lie) ° llcxifeXle) ' {^~^ ° l®xle ° llcxisTeXlc) 

•(aO llcXJfeXlc) • (Ao llcX® O llcXifeXlc) " (1® ° (llc X A) O llcXifeXlc) 

= (1® o (7 X lie)) • (1® ° ((•^ ° llcxlfe) X lie)) " (1® ° ((1® ° (lie X 7?)) X lie)) 

•(1® o (A~ X lie) o lipxKeXlc) ■ ('^ o l®xle ° llex/feXle) 
•(a o liexJsTeXlc) ■ (-^ ° Ilex® ° llexK^xle) ' (1® ° (lie X A) o liexAT^xle) 
= (1® ° (7 X lie)) • (1® ° ((^ ° (lie X Ik J) X lie)) 
•(1® ° ((-^"^ ° (lie X V)) X lie)) • (^"^ ° l®xle ° llex_ft:.xlc) 
■{a o liexKeXle) • (^ ° Ilex® ° llcxXeXlc) ' (1® ° (lie X A) o liexif^xle) 
= (1® o (7 X lie)) • (1® ° ((1® ° (lie X r?)) X lie)) 
•(A-^ o ((1^ o (li^ X IkJ) X lie)) • (^ ° Ilex® ° llexK.xle) 

•(1® o (lie X A) o liexA'. xle) 
= (1® o (7 X lie)) • (1® ° ((1® ° (lie X ??)) X lie)) 
•(A-^ o ((1^ o (li^ X IkJ) X lie)) • (A o (lie X (A o l^.xle))) 
= (A-1 o (7 X lie)) • (1® ° ((1® ° (lie X V)) X lie)) 
•(a o liexXeXle) • ° (lie X (A o l/f^xle))) 
= (A-lo(lGXlie))-(l«o(7Xlie)) 
•(1^ o (l<g, X lie) ° (lie XV X lie)) " (" ° llcxifeXle) 

•(Ao (lie X (Ao l^^xle))) 
= (A-lo(lGXlie))o(l«o(7Xlie)) 
•(1® o (1^ X lie) o (lie X r? X lie)) ' (^^ ° (lie X Ir, X lie)) 

•(Ao(li^, X (AolA-.xle))) 
= (A-^o(1g X lie)) -(1®° (7 X lie)) 
■{a o (li^ X Ik, X lie) ° (lie X r? X lie)) 
•(Ao(li^x(AolK^c))) 
= (A-^o(l«xlie))-(l«o(7Xlie)) 
•(ao llex/fexle o (lie X ??lle)) 

•(A o (li^ X A) o (li^ X Ik, X lie)) 

= (A"^ o (1g X lie)) • (1® ° (7 X lie)) • ([(a ° llex/fexle) 
•(Ao (li^ X A))] o (li^ X r? X lie)) 

= (A"^ o (lie X 1b)) • (1® o (7 X lie)) • (a ° llcxifexle) 
•((Ao(li^ X A))o(li^ X7?X lie)) 
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= o (li^ X 1b)) • (1« o (li^ X /?)) 
•(Ao(li^ xA)o(li^ xr?xli^)) 
= (A-i o (li^ X P)) . (A o (li, X A) o (li, X x U,)) 
= (A-i o (li^ X /?)) • (A o (h^ X A o (,y X li^))) 
= (l»o(li, x(/3.(Ao(r;xliJ)))) 
= 1® o (lie X (/3 • (A o Ik^xIc) ■ (1® °{vx lie)))) 

= 1^0 (li^, X /3) 

This proves the second condition. For the third condition we have 

/?0 llcX/fe 

= [/? • (A o lif^xlc • (1«> o (?y X lie))] ° llcxX 

= (/3 ° licxif) • (A o X lie) o licxif) • (1® o (?7 X lie) ° Iicxa:) 

= (7 ° lifXlc) • ° (life X lifj) • (1® O (?; X lifj) 

= (7 ° Xlc) ■ (A ° (lie X life) ° (life X lie)) " (1® ° (l^^e >< V)) 

= (7 ° lifxlc) • (^ ° (lie X Ik J ° lifxlc) • (1» o (lie XV)° lif xlc) 

= [(7 • (A O llcxlfe) ■ (1® ° (lie X V))] ° IXXIC 

= 7° IXeXlc 

This proves the third condition. The proof of the fourth condition is very 
technical. In the proof we will use the following symbols 

Ll = (It® o (lie X tX^^) ■ (tA^^ o It^xlc) • (*") • (*A ° lt®xlc) 
L2 = (It® o (lie X tX^^) ■ {tX^^ o Itcsxle) ' (*«) 
L3 = (It® o (lie X tX~^) ■ {tX^^ o lt®xle) 
L4 = (It® o (lie X tX'^) 
R = ((a-l) o (U-l X lie)) • ((M ^) o ((M o ^) X lie)) ' (A o (A X lie)) 
Rl = ((/X o ct) o ((^ o (t) X lie)) • (A o (A X lie)) 

i?2 = (Ao(Axlie)) 
^1 = ■ (A o l®xie) • (1® o (A X lie)) 
S2 = (A-^ o Ilex®) • ■ (A o l®xle) • (1» o (A X lie)) 
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Using these symbols we have for the fourth condition 

(ta) • (cto (ct X li^)) 

= (ta) • o X M"')) • (U-i) • (m o a) • A] o ([(1,5, o (/i-i X ^jr')) 

•(U-i)-(/ioa)-A] xli,,)) 
= Li ■ (If® o {tX X li^)) 
•((It® o (;x-l X o ((If® o (;x-l X m"')) X li^)) • R 

= Li ■ ((It® o (/i-1 X M"')) o ((iA o (/i-i X M"')) X li^)) • R 
= Li • ((It® o (/t-i X M"')) o m o (m"' X /x-i)) X li^)) 

•(a-io(iA-i xli^))-i?i 
= Li • ((It® o (^-1 X /i"^)) o ((It® o (/t-^ X /i-i)) X lie)) • -Ri 

= L2 • (tA o (It® X lie)) 
•((It® ° (m~^ X /i-i)) o ((It® o (/i-i X /i^i)) X lie)) ■ Ri 

= L2 ■ ((It® o (/i^l X fr^)) o ((It® o (^"1 X yU"^)) X lie)) • Rl 
= L2 ■ ((It® o X /;i^l)) o ((It® o (^-1 X fl-^)) X lie)) 

•((M°cr)o((/zocr) X lie))--R2 
= L2 ■ ((lie ° 1«® ° (M"^ X fj.-^)) o ((lie o It® ° (M"^ X ;U-^)) X lie)) 
■{{IJ, oao (lie X lie)) o ((M o <7 ° (lie X lie)) X lie)) • R2 
= i2 • ((/i o C7 o (^-1 X /;i-^)) o ((/t o cr o (/^-^ x yU"^)) X lie)) " ^2 
= L2-{{fJ,oao (ij,-^ X /u"^)) o ((^ o cr o (^-1 X /y,"^)) X lie)) ' ^2 
= L2-((poa o (^"1 X o ((y(i o (T o (((i"^ X Ai"^)) X (/i o lie ° M^"^))) • -R2 

= L2 ■ ((1/Lt o fj o (jLt~^ X /X~^)) o (^ X ^) o (cr X lie) ° (M^^ X X ^^^)) • i?2 

= L2 • (yU o o ((o- o (^"^ X fl~^)) X ^~^)) • i?2 

= L3 • (lie o ia) ■ (/;i o a o (cr X lie)) ■ (1® ° ((1® ° (m"^ X /x-1)) X /i-1)) 

•(A o (Ax lie)) 

= L3 • (m ° (to • (cr o (cr X lie)))) " ('^ ° ((•^ ° (M~^ X /i"^)) X fj,~^) 
= is • (m o ((^ o (lie X a)) ■ a-^)) ■ (A o ((A o (/t'^ x f,-')) x m"') 
= is • (m ° ((o- o (lie X cr)) • a"^)) • (A o (A X lie) ° (M"^ X X yU"^)) 
= L3 • (^ O (J o (lie X o-)) • • (A O (A X lie) ° (m~^ X X /li~"^)) 
= is • (/XOC7 (lie X (t)) • ((a"^ • (Ao (A X lie))) ° (M^^ X X ^-1)) 
= is • (/i o CT o (lie X O-)) • ((1® o (lie X 1®)) o (^"^ X X ^~1)) 

•(a-i.(Ao(Axlie))) 
= La ■ (/;i o (7 o (lie X cr)) • (1® o (yu^l X (1® o (^-1 X M"^)))) • 51 
= is • (/X o (7 o (;;t~^ X (cr o (fj,'^ X /X~^)))) • Si 

= L3 ■ (((lie ° 1®) • (M ° (^)) ° ((M"^ X (C7 o (yti-l X /i"^))) 
•((lie X (It® o (lie X lie)))))) -51 
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= ^3 • ((lie ° It®) ° (/""^ X (<^ ° (/""^ X M"^)))) 
•((/z o a) O (li^ X (It^ O (li^ X llcr)))) • 51 

= L3 • (lt,g, O X /i"^) o (li^, X (/i o cr o (^-1 X /i"^)))) 

•((/i o 0-) o (li^ X (It® o (li^, X lie)))) • Si 

= L3 ■ (It® o (^-1 X o {li^ X {iioao {^-^ X /x"^)))) 

•((/XO(j) O (lip X It®)) • S'l 

= Ls ■ (It® o (/x-i X ij-^) o (lie X [(It® ° (m^^ X M"^)) • (m ° ct)])) 

•((/ioa-)oliex®)-S'i 

= L4 ■ {tX-^ o (lie X It®)) ■ (1*0 o (/""^ X /x"^) o (lie X [(It® o (/i-^ X /i"^)) 

•(a* ° cr)])) • ((M o ct) o llcxs) ■ 
= 1,4 • (tA-1 o {^-^ X /|-1) o (lie X [(It® o (a*"^ X ^-1)) • (/X o a)])) 

•((/i o ct) o Ilex®) • Si 

= L4 ■ {tX-^ o (/x-1 X 11-^) o (lie X [(It® o (m"^ X fl-^)) ■ (/X o a)])) 

•([(/xocr) • A] o Ilex®) • S2 
= (It® o (lie X • {tX-^ o (/x-1 X o (lie X [(It® o (^u"! X 

•(/X o a)])) ■ {[{jj. o ct) • A] o Ilex®) • S2 
= {tX-^ o (/x-1 X /x-1) o (lie X [tX-^ ■ (It® o ip^' X /i-1)) • (/i o a)])) 

■{[{H oa) ■ \]o liex®) • <S'2 
= ([(It® • a-1) o ((/x-1 X /X-') • (lie X lie))] ° (lie X [(tA"! o (^"^ x ^-1)) 

•(M ° c^)])) • ([(M o Ct) • A] o Ilex®) • 52 
= ([(It® o (/X-' X /x-1)) • o (lie X [(It® o (/x-1 X /x-1)) • • (/X o a)])) 

■([(/xoa-)-A]oliex®)-5'2 
= {a o (lie X [(It® o (/^-' X /x-1)) • tX-' ■ (/X o a)])) 

•([(/xoa)-A]oliex®)-S'2 
= (ao(lie xa))-(l®o(lie X A-i))-52 

= (cto (lie X ct)) -Q"^ 

This proves the fourth conditfon. The fifth and sixth condition is proved in 
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a similar way and we only prove the sixth. 
= t(3 ■ {tX o (li^ X tT])) ■ (((It^ o {fi-^ X n-^)) ■ (iA-i) ■{noa)-X)o li^xXe) 

= 7 • (t£7 O llcxife) • (t^ ° (lie X tV)) ■ (It® ° (/""^ X M"^) ° llcXife) 
•(U"^ O U^xKe) • (M O O- O llcx/fj • (A O llcxKe) 

= 7 • (/Lt o A o (/i^-^ X {fi^^ o i?7))) 
= 7 • (^o Ao (/i-i X r?)) 
= 7 • (A o (li^ X 77)) • (/z o o (p-^ X IxJ) 
= 7-(Ao(li^ xr;)) 
= 7 

For the seventh condition we have 

ta 

= t{{lt0 o (ij,-^ X /[^-i)) • • (/[^ o a) • A) 
= (1® o (;u X 11)) ■ A"^ • (^"^ o o-"^) • iA 
= (1® o (m X m)) • (A"^ o (li^ X li^)) • ((/i-i o cr-i) o (li^ X lie)) 

•(ao(lie X lie)) 
= (A-^ • (/x-^ o o--^) ■ U ■ 1*0) o (liexic ■ (m X m)) 
= A~^ • o cr~^) ■ iA • (Itig, o (/X X /x)) 

■ 

^From this point of view the quantizations of the identity functor on a sym- 
metric monoidal category (C, (g), K^, a, /3, 7, a) is exactly equal to the subgroup 
of H that fix the point (a, 7, cr). 

4.2 Quantization of algebraic structures in symmetric monoidal 
categories 

Let {Ci,®i, Pei,ai, Pi.^i.Ui) be symmetric monoidal categories for z = 1, 2 and 
let F : Ci — > C2 be a quantized functor with quantization (A, /i, 77). Let the ^2 
action on Ci and C2 be generated by the functors Ti : Ci — > Ci and T2 : C2 — > 
C2. In this section we will work with objects and need the object formulation of 
the conditions defining a symmetric monoidal category and quantized functors. 
We collect these conditions in the following proposition whose proof consists of 
applying the definition of vertical composition and horizontal composition. 
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Proposition 69 

{a2)F(X),F(Y),F(Z) = (AxV ®2 1f(Z)) ° ^^'x^SiY.Z ° F{ioil) X.Y\z) 

Z ° (1_F(X) ®2 -^^,2) 
(/32)p'(X),_F(y) = F{Px;y) o Aei^y o (77^ ®2 li^(y)) 

(72)F(x),F(y) = -F((7i)x,y) o Ax,ei o (1f(x) 'X'2 Vy) 

(0'2)F(X).F(y) = T2{T2{fJ.Y^) ®2 T2(^^^)) O ^2 (Aj;^^^^ ^ ) 

°MTi(Ti(y)®iTi(x)) ° F{ax-Y) ° ^xx 

Quantized functors preserve algebraic structures. Let {X, u) be a monoid 
in the symmetric monoidal category C\ and Define arrows in C2 

: F{X) ®2 F{X) — > F{X) 
-.€2 — > Fix) 

by — F{v) o \x,x and = F(u) o rj. In 

Proposition 70 {F{X), i/^ ,u^) is a monoid in C2. 

Proof. Since {X, v, u) is a monoid in Ci we have the identities 

1/ o (Ix ®i J^) = o ®i Ix) o (ai)x,x,x 
o (u 01 Ix) = {l3i)x,x 
V o (Ix ®\ v) = {'-i\)x,x 
If we use these identities and the relations from proposition ^ we have 

o (1f(x) ®2 v^) 

= o \x^x o (iF(Jf) ®2 F(v)) o (8)2 

= F{v) o F(lx <8)i v) o Ax,x®iX o (1f(x) ^2 Xx.x) 
= F{v o (Ix (8)1 J^)) o Ax,x®iX o (1f(x) ^2 Ax,x) 
= F[v) o F{v ®i Ix) o F((q;i)x,X,x) o Ax,X®iX o (1f(x) ®2 Ax,x) 
= F(j/) o F{v ®i Ix) o Ax®iX,X o (Ax,X <X'2 1f(X)) ° {a-2)F{X).F{X),F{X) 
= F{v) o Ax.X o 'X)2 1f(X)) ° (Ax,X «)2 1f(X)) ° (a2)F(X),F(X),F(X) 

= V^ o {v^ 02 1f(X)) ° (a2)F(X),F(X),F(X) 

and 

i^-^ o {u^ ®2 1f(x)) 
= i^(i^) o Ax,x o (i^N «'2 i^(lx)) o «'2 1f(X)) 
= i^(l/) O i^(-U 01 Ix) O Ae,.x o (»7x ®2 1f(x)) 
= i^(i^ O (u (g) Ix)) O Ae,.x o (»7x ®2 1f(x)) 
= -P((/3i)x,x) o Aei,X o (?7x «>2 1f(x)) 

= (/32)f(X),F(X) 
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We call the monoid {F{X), v^, u^) a quantization of the monoid {X, u) in 
Ci. Quantization of comonoids is defined by duality. Let us assume that the 
monoid (X, v, u) is commutative. This property is preserved by quantization. 

Proposition 71 Let {X,i/,u) be a commutative monoid in Ci . Then {F {X) , ly^ , u^) 

is a commutative monoid in C2. 

Proof. Using the exchange identity for horizontal and vertical composition 
of natural transformations, the two last conditions in the definition of quantized 
functors |66|and the symmetry conditions tai = a^^,i = 1, 2 we get the following 
identity 

t{lF o CTi) • (tX) ■ o X ^)) ^ {fio Itg,) ■ A • {t(72 o Ifxf) 

The {X,X,X) component of this identity is gives after application of the 
functor T2 the following relation 

Fii<^l)Ti(X),Ti(X)) ° >^Ti(X),Ti(X) ° (72(Aix) ®2 T2ipx)) 
= T2(/ix®iX) ° T2{\x,x) o {(^2)t2(F(X)),T2(F(X)) 

But then we have 

T2{px)o{v^Y^ 

= T2{tJ-x) o T2{F{v)) o T2{\x,x) o {(^2)t2{F(X)),T2(F(X)) 
= F{Ti{v)) o T2{p.x®ix) o T2{\x,x) o {<y2)T2(F(X)),T2(F(X)) 

= F{Ti{v)) o -F((cri)Ti(x),Ti(x)) o Ati(x).Ti(x) ° (7'2(mx) ®2 T2{nx)) 

= i!^"')^ o{T2{^lx)®2T2{flx)) 

Since (X, v, u) is commutative in Ci there exists a isomorphism ip : Ti (X) — > 
X such that the following identity holds 

if o v"^ = V o {ip ®i ip) 

Let the isomorphism (p : T2{F{X)) — > F{X) be defined by cp — F{ip) o 
T2{fix)- For this isomorphism in C2 we have 

^ F{p)oT2{tix)o{iy^r^ 

= F{ip) o (1.-1)^ O {T2{^ix) «>2 T2{flx)) 

= F{ip) o Fiv"^) o Ati(x).Ti(x) o {T2{t^x) <E)2 T2{nx)) 
= F{v) o F{lp ®i p) o Ati(x),Ti(x) ° {T2{t^x) ®2 T2{p.x)) 
= F{v) o Xx,x o {F{ip) ®2 F{ip)) o {T2ifix) 02 T2(Aix)) 

= O (ip 02 ^) 
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and this proves that {F{X), v^^u^) is a commutative monoid. ■ 
Commutative comonoids will by duality also be preserved by quantization. 
Similar results holds for other algebraic structures like modules and condoles. 
As a special case of the above constructions let F = Ic and let {X. p. v) be a 
commutative monoid in C. Then any element (A, /U, 77) in the group H described 
in the previous section defines a quantization {X,p^,u^) of the given monoid. 
Wc thus get a whole family of quantized product and unit structures on the 
object X. Each such quantized product and unit does not define a commutative 
monoid with respect to the original structure (a,/J, 7, cr), but with respect to 
the structure (S, /J,7, 5). 



References 

[1] Fronsdal C. Lichnerowicz A. Bayen F., Flato M. and Sternheimer D. De- 
formation theory and quantization i, II. Ann. Phys. (NY), 111:61-110,111- 
151, 1978. 

[2] Louise De Broglie. Ondes ct quanta. Comptes rendus de I'Academie des 
Sciences, 177:507-510, September 1923. 

[3] Louise De Broglie. Recherches sur la Theorie Des Quanta. PhD thesis. 

University of Paris, 1924. 

[4] Louise De Broglie. Phase wave of louise deBroglie. A. J. Phys., 40(9):1315- 
1320, September 1972. 

[5] Albert Einstein. Zur theorie der lichterzeugung and lichtabsorption. An- 
nalen der Physik, page 1, 1906. 

[6] W. Heisenberg. Uber quantentheoretische umdentung kinematischer und 
mechanischer beziehungen. Zeitschrift fur physik, 33:879-893, Juli 1925. 

[7] Woodhouse N. M. J. Geom,etric Quantization. Oxford Mathematical Mono- 
graphs. Oxford Science Publications, 2 edition, 1992. 

[8] Saunders Mac Lane. Categories for the Working Mathematician, volume 5 
of Graduate Texts in Mathematics, springer, 1998. 

[9] V. V. Lychagin. Colour calculus and colour quantizations, geometric and 
algebraic structures in differential equations. Acta Appl. Math., 41(1-3):193 
- 226, 1995. 

[10] V. V. Lychagin. Calculus and quantizations over hopf algebras. Acta Appl. 
Math., 51(3):303-352, 1998. 

[11] V. V. Lychagin. Quantum mechanics on manifolds, geometrical aspects of 
nonlineardifferential equations. Acta Appl. Math., 56(2-3):231-251, 1999. 



80 



[12] M. Planck. Zur thcorie des gesetzes der energieverteilung im normalspec- 
trum. Verhandl. Dtsch. phys. Ges., 2:237, 1900. 

[13] Jakub Rembielinski, editor. Deformation Quantization: Twenty Years Af- 
ter. Amer. Inst. Phys., Woodbury, Ny., 1998. 

[14] B. L. Van Der Waerden. Sources of Quantum Mechanics. Dover, 1967. 



81 



